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1 DETERMINANTS

1.1 Introduction

In this chapter we treat one of the most important themes of linear algebra—
that of the determinant. We begin with some remarks which will motivate
the formal definition:

. Recall that the system

ar +by =e
cx+dy=f
has the unique solution
ed — fb af — ce

x_ad—bc y_ad—bc

provided that the denominator ad — bc is non-zero. If we introduce the
notation

a b

det[c d} = ad — be

we can write the solution in the form

x:det{; Z}+det{i Z}

a e | . a b
y:det[c f}fdetlc d]

(Note that the numerators are formed by replacing the column of the matrix
a b
A —
corresponding to the unknown by the column vector on the right hand side).
Earlier, we displayed a similar formula for the solution of a system of
three equations in three unknowns. It is therefore natural to ask whether
we can define a function det on the space M,, of n X n matrices so that the

solution of the equation AX =Y is, under suitable conditions, given by the
formula

YT et A




where A; is the matrix that we obtain by replacing the i-th column of A by
Y ie.

a;x @12 ... QA1i-1 Y1 4141 ... Qip

A = :

Qp1 Ap2 ... an,ifl Yn an,iJrl <. Qpp

II. Recall that

a b
ad—bc-det[c d]

is the area of the parallelogram spanned by the vectors (a, ¢) and (b, d). Now
if f is the corresponding linear mapping on R? this is just the image of the
standard unit square (i.e. the square with vertices (0,0), (1,0), (0,1),(1,1))
under f. The natural generalisation would be to define the determinant of
an n X n matrix to be the n-dimensional volume of the image of the standard
hypercube in R" under the linear mapping induced by the matrix. Although
we do not intend to give a rigorous treatment of the volume concept in higher
dimensional spaces, it is geometrically clear that it should have the following
properties:

a) the volume of the standard hypercube is 1. This means that the determi-
nant of the unit matrix is 1;

b) the volume depends linearly on the length of a fixed side. This means
that the function det is linear in each column i.e.

and

c¢) The volume of a degenerate parallelopiped is zero. This means that if two
columns of the matrix coincide, then its determinant vanishes.

(Note that the volume referred to here can take on negative values—
depending on the orientation of the parallelopiped).



1.2 Existence of the determinant
and how to calculate it
We shall now proceed to show that a function with the above properties

exists. In fact it will be more convenient to demand the analogous properties
for the rows i.e. we shall construct, for each n, a function

det : M,, - R
with the properties
dl) det I,, = 1;
d2)

[ A [ Ar ] [ A ]

det | MNA; +pAl | =Xdet | A; | +pdet | Al

L A A A
d3) if A; = A;(i # j), then

det : =0.

Before we prove the existence of such a function, we shall derive some further
properties which are a consequence of d1) - d3):

d4) if we add a multiple of one row to another one, the value of the determi-
nant remains unaltered i.e.

Ay Ay

A, A+ A,
det : = det : ;

Aj A




db) if we interchange two rows of a matrix, then we alter the sign of the
determinant i.e.

C AT AT
A, A;

det : = —det :
A, A;
A, A,

d6) if one row of A is a linear combination of the others, then det A = 0.
Hence if r(A) < n (i.e. if A is not invertible), then det A = 0.
PROOF. d4)

[ A [ Ay ] [ Ap ] [ Ay ]
A+ A, A; A, A;
det : = det : + det : = det
Aj AJ Aj AJ
| AL | A | A | An
by d3).
d5)
[ A [ A ] [ A [ A ]
A, A + A A+ A Aj
det : = det : det : = —det
AJ Aj _AZ AZ
| A | A | A | An
d6) Suppose that A; = A\ A; + -+ X\i_1A;_1. Then
- A, 7 _ A, ;
Ay | Aiq _
det o | T A+ ) | O
| A I Ay ]




since if we expand the expression by using the linearity in the i-th row we
obtain a sum of multiples of determinants each of which has two identical
rows and these vanish.

Note the fact that with this information we are able to calculate the
determinant of a given matrix, despite the fact that it has not yet been
defined!  We simply reduce the matrix A to Hermitian form A by using
elementary transformations. At each step the above rules tell us the effect
on the determinant. If there is a zero on the diagonal of A (i.e. if r(A) < n),
then det A = 0 by d6) above. If not, we can continue to reduce the matrix to
the unit matrix by further row operations and so calculate its determinant.
In fact, a little reflection shows that most of these calculations are superfluous
and that it suffices to reduce the matrix to upper triangular form since the
determinant of the latter is the product of its diagonal elements.

We illustrate this by “calculating” the determinant of the 3 x 3 matrix

0 2 3
1 2 1
2 -3 2
We have
0 2 3 (1 2 1]
det |1 2 1| =—=det| 0 2 3
2 -3 2 2 -3 2|
(1 2 17
=—det| 0 2 3
|0 =7 0
(1 2 1
=—2det | 0 1 3
|0 =7 0
1 2 1
=—2det | 0 1 2
|00 F
= —21.

In fact, what the above informal argument actually proves is the unique-
ness of the determinant function. This fact is often useful and we state it as
a Proposition.

Proposition 1 There exists at most one mapping det : M, — R with the
properties d1)-d3) above.



The main result of this section is the fact that such a function does in fact
exist. The proof uses an induction argument on n. We already know that a
determinant function exists for n = 1,2, 3. In order to motivate the following
proof note the formula

a11(a22a33 - a32a23) - a21(a12a33 - a32a13) + a31(a12a23 - a22a13)
for the determinant of the 3 x 3 matrix

aix a2 i3
a1 dg22 (23
a31 Q32 433

This is called the development of the determinant along the first column and
suggests how to extend the definition to one dimension higher. This will be
carried out formally in the proof of the following Proposition:

Proposition 2 There is a (and hence exactly one) function det : M,, - R
with the properties d1)-d3) (and so also d4)-d6)).

PROOF. As indicated above, we prove this by induction on n. The case
n = 1 is clear (take det[a] = a). The step from n — 1 to n: we define

det A = Z(—l)iﬂau det Ay
i—1

where A;; is the (n—1) x (n—1) matrix obtained by deleting the first column
and the i-throw of A (the induction hypothesis ensures that its determinant
is defined) and show that this function satisfies d1), d2) and d3). It is clear
that det I,, = 1. We verify the linearity in the k-th row as following. It
suffices to show that each term a;; det A;; is linear in the k-th row. Now if
i # k a part of the k-th row of A is a row of A;; and so this term is linear by
the induction hypothesis. if i = k, then det A;; is independent of the k-throw
and a;; depends linearly on it.

It now remains to show that det A = 0 whenever two rows of A are
identical, say the k-th and the [-th (with & < [). Consider the sum

n

Z(—l)iJrlCLil det Ail .

i=1

then A;; has two identical rows (and so vanishes by the induction hypothesis)
except for the cases where j = k or j = [. This leaves the two terms

(=1 gy det Ayy and  (—1)"ay det Ay

8



and they are equal in absolute value, but with opposite signs. (For ax; = ap
and Ay is obtained from A;; by moving one row (k — [ — 1) places. This
can be achieved by the same number of row exchanges and so multiplies the
determinant by (—1)1).

The above proof yields the formula

det A = Z(—l)”laﬂ det Ail
1=1

for the determinant which is called the development along the first col-
umn. Similarly, one can develop det A along the j-th column i.e. we have
the formula

det A = Z(—l)i”aij det Aij
i=1

where A;; is the (n — 1) x (n — 1) matrix obtained from A by omitting the
t-th row and the j-th column. This can be proved by repeating the above
proof with this recursion formula in place of the original one.

Example: If we expand the determinant of the triangular matrix

ai; a1 ... Q1np
0 o9 ... QA9pn

A=
0 0 ... apn

along the first column, we see that its determinant is

Ao9 ... (QA9pn
0 ... QAzp

a1y det
0 ... aum

An obvious induction argument shows that the determinant is a1ass . . . Gpp,
the product of the diagonal elements. In particular, this holds for diagonal
matrices.

This provides a justification for the method for calculating the determi-
nant of a matrix by reducing it to triangular form by means of elementary
row operations. Note that for small matrices it is usually more convenient
to calculate the determinant directly from the formulae given earlier.



1.3 Further properties of the determinant

d7) if r(A) = n i.e. A is invertible, then det A # 0.
Proor. For then the Hermitian form of A has non-zero diagonal elements
and so the determinant of A is non-zero.

Combining d5) and d7) we have the following Proposition:

Proposition 3 Annxn matriz A is invertible if and only if its determinant
1S NoN-zero.

Shortly we shall see how the determinant can be used to give an explicit
formula for the inverse.
d8) The determinant is multiplicative i.e.

det AB = det A - det B.

Proor. This is a typical application of the uniqueness of the determinant
function. We first dispose of the case where det B = 0. Then r(B) < n and
so 7(AB) < n. In this case the formula holds trivially since both sides are
Z€ero.

If det B # 0, then the mapping

det AB
det B

is easily seen to satisfy the three characteristic properties d1)-d3) of the
determinant function and so is the determinant.

d9) Suppose that A is an n x n matrix whose determinant does not vanish.
Then, as we have seen, A is invertible and we now show that the inverse of
A can be written down explicitly as follows:

1
det A

(adj A)
where adj A is the matrix [(—1)""7 det A;;]. (i.e. we form the matrix whose

(7, 7)-th entry is the determinant of the matrix obtained by removing the i-th
row and the j-th column of A, with sign according to the chess-board pattern

+ - 4+ -
-+ - 4+

This matrix is then transposed and the result is divided by det A.

10



PrRoOOF. We show that (adj A)A = (det A)I. Suppose that b;; is the (i, k)-th

element of the product i.e.

bik = Z(—l)iJerij det Aﬂ

J=1

If i = k this is just the expansion of det A along the i-th column i.e. b; =
det A.

If i # k, it is the expansion of the determinant of the matrix obtained
from A by replacing the i-th column with the k-th one and so is 0 (since this
is a matrix with two identical columns and so of rank < n).

We have discussed the determinant function in terms of its properties
with regard to rows. Of course, it would have been just as logical to work
with columns and we now show that the result would have been the same.
To do this we introduce as a temporary notation the name Det for a function
on the n x n matrices with the following properties:

D1) Det I,, = 1;
D2) Det is linear in the columns;
D3) Det A = 0 whenever two columns of A coincide.

Of course we can prove the existence of such a function exactly as we did
for det (exchanging the word “column” for “row” everywhere). Even simpler,

we note that if we put
Det A = det A

then this will fulfill the required conditions.
All the properties of det carry over in the obvious way. In particular, there
is only one function with the above properties and we have the expansions

Det A = Z(—l)”jaijDet Aij
j=1

along the i-th row. We shall now prove the following result:
Proposition 4 For each n x n matriz A, det A = Det A.

In other words, det A = det A* and the notation “Det” is superfluous.

Again the proof is a typical application of the uniqueness. It suffices to
show that the function det satisfies conditions d1)-d3). Of course, we have
det I = 1. In order to prove the other two assertions, we use induction on
the order n and inspect the expansion

Det A = Z(—l)”jaszet Aij
j=1

11



which is clearly linear in a;; (and so in the i-th row). By the induction
hypothesis, it is linear in the other rows (since each of the A;; are). To
complete the proof, we need only show that Det A vanishes if two rows of
A coincide. But then r(A) < n and so we have Det A = 0 by the column
analogue of property d6).

d11) One can often reduce the computations involved in calculating deter-
minants by using suitable block decompositions. For example, if A has the

decomposition
B C
0 D

where B and D are square matrices, then
det A = det B - det D.

(Warning: it is not true that if

=15 8

then there is a simple formula such as
det A=det B-det E —det D - det C'

which would allow us to calculate the determinant of A from those of B, C,
D and E. However, such formulae do exist under suitable conditions, the
above being the simplest example).

PrROOF. We can assume that A and hence also B and D are invertible (for
otherwise both sides vanish). Then if we multiply A on the right by the

matrix
I —-B~C
0 1
which has determinant 1, we get the value
B 0
det [ 0 D } .
Now the function
B +— det B0 det D
et| o p|+de

fulfills the conditions d1)-d3) and so is the determinant function.

12



Determinants of linear operators Since square matrices are the coordi-
nate versions of linear operators on a vector space V' it is tempting to extend
the definition of determinants to such operators. The obvious way to do this
is to choose some basis (21, ...,x,) and to define the determinant det f of f
to be the determinant of the matrix of f with respect to this basis. We must
then verify that this value is independent of the choice of basis. But if A’ is
the matrix of f with respect to another basis, we know that

A= 871AS
for some invertible matrix S. Then we have

det A’ = det(S™'AS)
=det S -detS-det A
= det(S71S) det A
= det A.

Of course, it is essential to employ the matrix of f with respect to a single
basis for calculating the determinant.

Some of the properties of the determinant can now be interpreted as
follows:
a) det f # 0 if and only if f is an isomorphism;
b) det(fg) =det f-detg (f,g € L(V));
c) detId = 1.

Example: Calculate

6 0 20

4 0 0 2

det | v 1 9 ¢

2 0 2 2

We have
SRS
det =—det| 4 0 2
01 20 9 2 0
2 0 2 2

310
=-8det | 2 0 1
1 10
=-8(-3+1)=16



Example: Calculate

r 1 1 1
1 =z 1 1
det |4 4
1 1 1 =z
Solution: We have
xr 1 1 1 [0 1—=2 1—22 1—22
1z 11| 0 —(1—2x) 0 l1—x
deti gy o 1|79 0 0 ) 1-2
111 2 R 1 v
[ 1—=2x l—ax 1—22
=det | —(1 —x) 0 l—x
i 0 —(1—2z) 1-x
1 1 1+¢2
=(r—1)3det | —1 0 1
0 -1 1

=(@—-1P04+z+2) = (x—-1)>*3+).

Example: Calculate the determinant d,, of the n x n matrix

2 -1 0 0
-1 2 0 0
0 0 -1 2

We can express the determinant in terms of the following (n — 1) x (n — 1)
determinants by expanding along the first row:

-1 0 0 ... O
2 _1 O PR O _1 2 _1 . O
-1 2 0 ... 0
d, = det ) | +det
0 0 0 2
. 0 0 0 2
:2dn—1_dn—2

. It then follows easily by induction that d,, = n + 1.

14



Example: Calculate
00
00
det | .
10
We have
0 0 01
0 0 10
det | . =
10 0 0

0 1
10
0 0 |

[0 0 1

0 10

)*det | | )

1 0 0

where the left hand matrix is n x n and the right hand one is (n—1) x (n—1).
From this it follows that the value of the given determinant is

(D) H=1)""2. ..

Example: Calculate

Solution: The required determinant is

=z(x

x a a a
a—xr x—a 0 a
det ) =
a—1x 0 0 T —a
Example: Calculate the determinant
1z a3
1 o 23
1 z, 22

15

n(n—1)

(-1)"

r(x—a)" ' —(a—2)alz —a)" 4+

—a)" ' Halz—a)" -
(z+ (n—1)a)(x —a)" .

+

of the Vandermonde matrix

-1
]
n—1

axs

n—1
Ty



Solution: Subtracting from each column z; times the one on its left we see
that the determinant is equal to

1 0 . 0
det 1 zy—21 ... x;‘_z(:p? — 1)
1 (x, — 1) "% (z, — x1)
which is equal to
1 2y ... 2372

(xg — x1)(x3 — 1) ... (T — 1) det
1 z, ... z"?

Hence, by induction, the value of the determinant is

IT =)

1<i<j<n
_ 1)

if the z; are distinct).

n
(a product of terms). (In particular, this determinant is non-zero

Exercises: 1) Evaluate the determinants of the following matrices:

1 2 3 1 1
det | 4 5 6 det | a b
7 8 9 a? v A
2) Calculate the determinants of
a+b+2c a b
det c b+ c+2a b
c a c+a-+2b
r 1 0 =z
0 z z 1
det 1 =z = 0
z 0 1 =z

3) For which values of = does the determinant

det

N O 8
82 K8 =
—_ =R

16



vanish?
4) Evaluate the following determinants:

1 2 3 ... n
2 3 4 ... 1
det .
n 1 2 . n—1
[0 1 1 1]
-1 0 1
det .
-1 -1 -1 0
[ 1 —a 0 . 0]
-b 1 -—a .0
det 0 —-b 1 .0
0 0 —b 1
A1 0
-1 X 1 0
det
0 0 -1 A\,
[ A oa a a
b X a a
det
b b b An
[N a 0 0
a AN a 0
det .
00 ... a A

5) Show that if P is a projection, then the dimension k of the range of P is
determined by the equation

2F = det(I + P).

Use this to show that if ¢ — P(¢) is a continuous mapping from R into the
family of all projections on R", then the dimension of the range of P(t) is

constant.

17



6) Show that if A (resp. B) is an m X n matrix (resp. an n X m matrix),
then I,, + AB is invertible if and only if I,, + BA is.
7) Let A and B be n x n matrices. Show that

e adj(AB) = adj A -adj B;
e adj(adj A) = (det A)"2A;
e adj (AA) = A" adj A.

8) Let A be an invertible matrix whose elements are integers. Show that A~
has the same property if and only if the determinant of A is 1 or —1.
9) Let f be a mapping from M,, into R which is linear in each row and such
that f(A) = — f(B) whenever B is obtained from A by exchanging two rows.
Show that there is a ¢ € R so that f(A) = ¢ - det A.
10) Show that if A is an n x n matrix with A* = —A (such matrices are called
skew symmetric), then the determinant of A vanishes whenever n is odd.
11) Let A be an m x n matrix. Show that in the reduction of A to Hermitian
form by means of Gauflian elimination, the pivot element never vanishes (i.e.
we do not require the use of row exchanges) if and only if det Ay # 0 for each
Deduce that A then has a factorisation of the form LU where L is an
invertible m x m lower triangular matrix and U is an m X n upper triangular
matrix.
12) Show that a matrix A has rank r if and only if there is a  x 7 minor of
A with non-vanishing determinant and no such (r+1) x (r+ 1) minor. (An
r-minor of A is a matrix of the form

iy gy -0 Qiggy
det : :
Aipji -+ Qipjp

for increasing sequences

1<ii<nyu<---<,<m

1<ji<jo<---<jr<n).

13) Let z and y be continuously differentiable functions on the interval [a, b].
Apply Rolle’s theorem to the following function

t—det | z(t) z(a) =(



Which well-known result of analysis follows?
14) Let

T1 = TCiC2...Cp—2Cp—1

Tog =TCy...Ch—25n—1

Tj =TCp...Ch—jSn—j+1

T, = TS].

where ¢; = cosb;, s; = sin0; (these are the equations of the transformation to
polar coordinates in n dimensions). Calculate the determinant of the Jacobi
matrix

Oz, Tay ..., Tp)
o(r,0y,...,0,1)
15) Consider the Vandermonde matrix
1 1
v — t1 t.n
! t”:—1

Show that V,, V! is the matrix

S0 ST ... Sn—1
S1 So ... Sn
Sp—1 Sn ... S2p—2

where s, = >_7" | tF. Use this to calculate the determinant of this matrix.

16) Suppose that the square matrix A has a block representation l ZB) g ]

where B is square and non-singular. Show that

det A = det Bdet(E — DB'C).
Deduce that if D is also square and commutes with B, then det A = det(BE—
DC).
17) Suppose that Ay, ..., A, are complex n X n matrices and consider the
matrix function

p(t) = Ao+ Ayt + -+ At
Show that if det p(t) is constant, then so is p(t) (i.e. Ap is the only non-
vanishing term).

19



1.4 Applications of the determinant

We conclude this chapter by listing briefly some applications of the determi-
nant:

I. Solving systems of equations—Cramer’s rule: returning to one of
our original motivations for introducing determinants, we show that if the
determinant of the matrix A of the system AX = Y is non-zero, then the
unique solution is given by the formulae

 det A

where A; is the matrix obtained by replacing the i-th column of A with the
column vector Y. To see this note that we can write the system in the form

X

a1 r1a1; — W% T101n — Y1
x +--+ +--t+x =0
an1 T1p; — Yn T10pn — Yn

and this just means that the columns of the matrix

11 ... A15-1 (IE1G1¢ - y1) -.. QAip

Ap1 -+ OGpg—1 (xiani - yn) <o+ Qpn

are linearly independent. Hence its determinant vanishes and, using the
linearity in the ¢-th column, this means that det A; — x; det A = 0.

II. The recognition of bases: If (z1,...,x,) is a basis for a vector space
V' (e.g. the canonical basis for R"), then a set (z},...,2]) is a basis if and
only if the determinant of the transfer matrix 7' = [t;;] whose columns are
the coordinates of the x; with respect to the (z;) is non-zero.

III. Areas, volumes etc.: If £, 7 are points in R, then
noly_
det { €1 } =n—=¢

is the directed length of the interval from & to 7.
If A= (&,&), B=(m,n), C = ({1, () are points in the plane, then

& & 1
5 det | m1 my 1
G G 1

20



is the area of the triangle ABC. The area is positive if the direction A —
B — (' is clockwise, otherwise it is negative. (By taking the signed area we
assure that it is additive i.e. that

AABC = AOAB + AOBC + AOCA

regardless of the position of O with respect to the triangle (see figure 77).
If A= (§,8,8), B=(n,m2m), C=((,0¢), D= (v1,v9,v3) are

points in space, then

& & &1
1 m o ne n3 1
— det
3! G G ¢ 1
V1 VU2 Us 1

is the volume of the tetrahedron ABC'D.
Of course, analogous formulae hold in higher dimensions.

IV. The action of linear mappings on volumes: If f is a linear map-
ping from R? into R?® with matrix

ail; aijz a3
A= ag1 Ag2 A3

ag1 asz Gss

then f multiplies volumes by a factor of det f. For suppose that f maps the
tetrahedron BC'DFE into the tetrahedron B;C1DE,. The area of BCDE is

&G & &1
1 m o ne n3 1
— det
3! G G ¢ 1
V1 VU2 Us 1

where B is the point ({1, &2, &3) etc. and that of the image is

511 £%i f% 1
1 mom Myl
— det Loz s
3! G G G 1
U1 V2 Us 1
Now we have
L&l L& G LA D
1 mom ony 1| 1 m oy n3 1
A G d | T d g
v vy vz 1 vi vl w1 0 1

21



and so we have that the volume of B;C;D;FE; is det A times the volume of
BCDE. 1t follows from a limiting argument that the same formula holds for
arbitrary figures. (This justifies the original geometrical motivation for the
existence and properties of the determinant).

Once again, an analogous result holds in higher dimensions.

V. The equations of curves: If P = (£},&1) and Q = (€2, £3) are distinct
points in the plane, then the line L through P and () has equation

SRS
det §11 521 1| =0.
2 2 1
1 2

For if the equation of the line has the form a&; + b&s + ¢ = 0, then we have

all +b&y +c=0
a&? + b3 +c=0.

This means that the above three homogeneous equations (in the variables
a,b,c) has a non-trivial solution. As we know, this is equivalent to the
vanishing of the above determinant.

In exactly the same way one shows that the plane through (&],&5,£3),

(€2,€5,63) and (&,&5,£3) has equation

&1 & &1
& & & 1
det =0
T &G 1
3 3 ¢3 9
1 & &

The circle through (£1,£2), (£2,£2) and (€3, £5) has equation:

Gt a g

61 2+ 62 gl 2 1 _

“lerr@r g g7
Er+Er & g

(Note that the coefficient of 7 + &2 is

& & 1
det | € & 1

3 31

1 2

and this fails to vanish precisely when the points are non-collinear).
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VI. Orientation: A linear isomorphism f on a vector space V is said
to preserve orientation if its determinant is positive—otherwise it reverses
orientation. This concept is particularly important for isometries and those
which preserve orientation are called proper. Thus the only proper isome-
tries of the plane are translations and rotations.

Two bases (z1,...,z,) and (2,...,2)) have the same orientation if
the linear mapping which maps z; onto x} for each i preserves orientation.
This just means that the transfer matrix from (z;) to (z}) has positive de-
terminant. For instance, in R? (e, e, e3) and (es, er,e;) have the same
orientation, whereas that of (es, e, e3) is different.

Example Is
cosacos S sinacosf —sinf
cosasinff sinasinf8  cosf
—sin « cos & 0

the matrix of a rotation?
Solution: Firstly the columns are orthonormal and so the matrix induces an
isometry. but the determinant is

—sin? acos? B — cos® asin® B — sin? asin? f — cos® a cos® B = —1.
Hence it is not a rotation.
Example: Solve the system
(m+ 1)z + Y + z = 2-m
x + (m+1ly + z = =2
x + Yy + (m+1)z = m.
The determinant of the matrix A of the equation is m?(m + 3) which is
non-zero, unless m = 0 or m = —3. Otherwise the solution is, by Cramer’s
rule,
1 2—m 1 1
m?(m + 3) m 1 m+1
. 2—m i
i.e. ——. The values of y and z can be calculated similarly.
m
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Exercises: 1) Show that the centre of the circle through the points (&1, £2),
(€2,€2) and (&3, £3) has coordinates

(6)°+ (&) & 1
(det | (&8)°+(63)° & 1 |, 5det| (&)
§)’ 1 (

)2 +(&)? &
& &
det | & & 1
3 3 1
1 2

2) Show that in R" the equation of the hyperplane through the affinely
independent points x1,...,x, is

S & o0 & 1

1 1 1
. 1
det g'l 52 gn .

g o e

3) Let A be an invertible n x n matrix. Use that fact that if AX =Y, then
AX =Y where

al 0 ... 0 Y1 Q2 ... Qip
X: ) 1 ... 0 },}: Y2 Q22 ... Q2p
z, 0 ... 1 Yn Qpa - Gpn

to give an alternative proof of Cramer’s rule.
4) Let

p(t) =ap+ -+ apt™
q(t) =bg+ -+ but"

be polynomials whose leading coefficients are non-zero. Show that they have
a common root if and only if the determinant of the (m+n) x (m+n) matrix

[ a,, Qm_1 ... a1 ag 0 oo 007
0 Ay ... Qg (1 a ... O
A= 0 0 0 a, Gn- ag
bn bn—l bl bO 0 0
L 0 0 by bo




is non-zero. (This is known as Sylvester’s criterium for the existence of a
common root). In order to prove it calculate the determinants of the matrices
B and BA where B is the (m +n) x (m + n) matrix

Ctmel o0 0 L 0]
fntm=2 1 9 ... 0
fptm=3 0 1 ... 0
t 0 0 0
1 0 0 0
1 1]
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2 COMPLEX NUMBERS AND COMPLEX
VECTOR SPACES

2.1 The construction of C

When we discuss the eigenvalue problem in the next chapter, it will be con-
venient to consider complex vector spaces i.e. those for which the complex
numbers play the role taken by the reals in the third chapter. We therefore
bring a short introduction to the theme of complex numbers.

Complex numbers were stumbled on by the renaissance mathematician
Cardano in the famous formulae

M=Va+ B h=wVa+w?YB \=wFa+wiB
_ /02 1 A3 N _1 ~
g+ 2q+p,6: d ¢+ w—i—i_\/ngorthe

where o« =

2 T 2
roots A\1,A\o and A3 of the cubic equation

2 +3pr=q=0

(which he is claimed to have stolen from a colleague). In the above formulae
i denotes the square root of —1 i.e. a number with the property that i = —1.
This quantity appears already in the solution of the quadratic equation by
radicals but only in the case where the quadratic has no real roots. In
the cubic equation, its occurrence is unavoidable, even in the case where
the discriminant ¢ + 4p® is positive, in which case the cubic has three real
roots. Since the square of a real number is positive, no such number with the
defining property of 7 exists and mathematicians simply calculated formally
with expressions of the form z + iy as if the familiar rules of arithmetic still
hold for such expressions. Just how uncomfortable they were in doing this is
illustrated by the following quotation from Leibniz:

e “The imaginary numbers are a free and marvellous refuge of the divine
intellect, almost an amphibian between existence and non-existence.”

The nature of the complex numbers was clarified by Gaufl in the nine-
teenth century with the following geometrical interpretation; the real num-
bers are identified with the points on the z-axis of a coordinate plane. One
associates the number ¢ with the point (0,1) on the plane and, accordingly,
the number x + iy with the point (z,y). The arithmetical operations of
addition and multiplication are defined geometrically as in the following fig-
ure (where the triangles OAB and OCD are similar). A little analytical
geometry shows that these operations can be expressed as follows:
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addition: (z,y) + (z1,11) = (x + 21,y + 1)’

multiplication: (z,y) - (x1,y1) = (z21 — yy1, TY1 + T1Y).
Note that these correspond precisely to the expressions obtained by formally
adding and multiplying = + iy and xy + iy;.

This leads to the following definition: a complex number is an ordered
pair (x,y) of real numbers. On the set of such numbers we define addition
and multiplication by the above formulae. We use the following conventions:

e 1) i denotes the complex number (0, 1) and we identity the real number
x with the complex number (x,0). Then > = —1 since

(0,1)-(0,1) = (—1,0).

Every complex number (z,y) has a unique representation z = iy where
z,y € R. (It is customary to use letters such as z,w, ... for complex
numbers). If z =z + iy (x,y € R), then x is called the real part of z
(written $z) and y is called the imaginary part (written 3z).

e 2) If z = x + 4y, we denote the complex number = — iy (i.e. the mirror
image of z in the z-axis) by z—the complex-conjugate of z. Then
the following simple relations holds:

Z+21:ZZ_1;

2z1 =% 21
1 _
§Rz:§(z+z);
Sz 1(,2 Z)
Sz = —(z—2);
21 ’

z-z2=1z]> where |z| =22+ 92

|z| is called the modulus or absolute value of z. It is multiplicative
in the sense that |zz1| = |z||z1].

e 3) every non-zero complex number z has a unique representation of the
form
p(cosf + isin0)

where p > 0 and 6 € [0,27[. Here p = |z| and @ is the unique real

number in [0, 27[ so that cos = E, sinf = =,
p

We denote the set of complex numbers by C. Of course, as a set, it is
identical with R? and we use the notation C partly for historical reasons and
partly to emphasis the fact that we are considering it not just as a vector
space but also with its multiplicative structure.
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Proposition 5 For compler numbers z, 2y, 29, z3 we have the relationships
® 2 + 29 = 29 + 295
o 21+ (204 23) = (21 + 22) + 23;;
e 21 =0=0+2 =2’
e 21+ (—21)=0 where —z =(=1)z;
o 21(20+ 23) = 2120 + 2123;
® 2120 = 221

[} 21(2’223) = (2122)2’3,'
[ ] 21'1:1'21221;
E
o if 2 # 0, there is an element 271 so that z- 271 =1 (take 271 = W)
z
This result will be of some importance for us since in our treatment of linear
equations, determinants, vector spaces and so on, the only properties of the
real numbers that we have used are those which correspond to the above
list. Hence the bulk of our definitions, results and proofs can be carried over
almost verbatim to the complex case and, with this justification, we shall use
the complex versions of results which we have proved only for the real case
without further comment.
It is customary to call a set with multiplication and addition operations
with such properties a field. A further example of a field is the set Q of
rational numbers.

de Moivre’s formula: The formula for multiplication of complex numbers
has a particularly transparent form when the complex numbers are repre-
sented in polar form: we have

p1(cos By + isin 01)py(cos by + isinby) = p1pa(cos(by + 02) + isin(by + 605)).

This is derived by multiplying out the left hand side and using the addition
formulae for the trigonometric functions.

This equation can be interpreted geometrically as follows: multiplication
by the complex number z = p(cosf + isinf) has the effect of rotating a
second complex number through an angle of # and multiplying its absolute
value by p (of course this is one of the similarities considered in the second
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chapter—in fact, a rotary dilation). As a Corollary of the above formula we
have the famous result

(cosf +isinf)" = cosnb + i sinnd

of de Moivre. It is obtained by a simple induction argument on n € N.
Taking complex conjugates gives the result for —n and so it holds for each
n € 7.

From it we can deduce the following fact: if z = p(cos@ + isinf) is a
non-zero complex number, then there are n solutions of the equation (" = z
(n € N) given by the complex numbers

1 2rr4+60 . 2mr+0
p(cos + sin )
n n
(r=20,1,...,n—1). In particular, there are n roots of unity (i.e. solutions of
the equations (" = 1), namely the complex numbers 1,w,w?, ..., w""! where

W = cos 27” + 72 8in %’r is the primitive n-th root of unity.
Example: If z is a complex number, not equal to one, show that
1— ZnJrl
1424224+ b=
1—=2
Use this to calculate the sums
1+cos@ + -+ cosnb

and
sinf 4+ - - - + sinnd.

Solution: The first part is proved exactly as in the case of the partial sums
of a real geometric series. If we set z = cosf + isin f and take the real part,
we get

1 —cos(n+1)§ —isin(n+1)0

1 0+ =R
teost teosn 1 —cosf —isinb

which simplifies to the required formula (we leave the details to the reader).
The sine part is calculated with the aid of the imaginary part. Example:
Describe the geometric form of the set

C={z€C:zz2+az+az+b=0}

where a is a complex number and b a real number.
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Solution Substituting z = z + 1y we get
C={(z,y): 2>+ y* + 2a,2 + 2a5y + b= 0}

(where a = a; + iag) which is a circle, a point or the empty set depending
on the values of a1, as and b.

Exercises on complex numbers: 1) Calculate Rz, Sz, |2|, 27! and arg 2

where }
1+1

1—1
Show that if z1, zo € C are such that z12 and z; + 2o are real, then either
z1 = Z9 or z; and zy are themselves real.
2) If z,21,y,y1 € R and X = diag(z,x), Y = diag(y,y) etc. while J =
{ Y } caleulate (X + JY)(X = JY), (X +IY)(X1 +IV3), (X +JV)!
(when it exists) and det(X +JY). (Compare the results with the arithmetic
operations in C. This exercise can be used as the basis for an alternative
construction of the complex numbers).
3) Use de Moivre’s theorem to derive a formula for cos? 6 in terms of cos 26
and cos 46.
4) Show that if n is even, then

r=1—i 2=34+V2i

cosnf = cos" 0 — (Z) cos" 2f0sin? 0 + -4 (—1)2 sin" 0,
sinnf = (711) cos" 1 hsing + -+ (—1) ncosHsin" 4.

What are the corresponding results for n odd?
5) Suppose that |r| < 1. Calculate

1+7rcosh+r2cos20 + ...

and
rsinf + r?sin 20 + . ..

6) Show that the points 21, 2o and 23 in the complex plane are the vertices
of an equilateral triangle if and only if

2+ wze +w?zz =0

or
2 _
zZ1tw ZQ"‘WZ;;—O
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27
where w =e75".
If 21, 29, 23, 24 are four complex numbers, what is the geometrical signifi-
cance of the condition

2 +izg + (%) 23 + (%) = 07

(Note that 7 is the primitive fourth root of unity).
7) Show that if 21, 29, 23, 24 are complex numbers, then

(Zl — 24)(22 — 23) -+ (ZQ — Z4)<23 — Zl) + (Zg — Z4)<Zl — Z2) = 0.
Deduce that if A, B, C, D are four points in the plane, then
|AD||BC| < |BD||CA| + |CD||AB].

8) We defined the complex numbers formally as pairs of real numbers. In
this exercise, we investigate what happens if we continue this process i.e. we
consider pairs (z,w) of complex numbers. On the set Q of such pairs we
define the natural addition and multiplication as follows:

(20, wo)(21,w1) = (2021 — Wowy, oWy + 21Wp).

Show that Q satisfies all of the axioms of a field with the exception of the
commutativity of multiplication (such structures are called skew fields).
Show that if we put i = (¢,0), j = (0,7), k = (0,1), then ij = —ji = k,
jk = —kj =ietc. and i* = j> = k* = —1. Also every element of Q has a
unique representation of the form

& + (&1 + & + &k)

with &, &1, &9, &3 € R. (The elements of Q are called quaternions).
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2.2 Polynomials

The field of complex numbers has one significant advantage over the real
field. All polynomials have roots. This result will be very useful in the next
chapter—it is known as the fundamental theorem of algebra and can
be stated in the following form:

Proposition 6 Let
p(A)=ag+ -+ a A"+ N

be a complex polynomial with n > 1. Then there are complex numbers
Al, ..., A, SO that
pA)=A=X)...( A=)

There is no simple algebraic proof of this result which we shall take for
granted.

The fundamental theorem has the following Corollary on the factorisation
of real polynomials.

Corollar 1 Let
p(t) =ag+ -+ apit"t F 1"

be a polynomial with real coefficients. Then there are real numbers
ty, oot 0, Qg By e Bs
where v+ 2s = n so that
p(t) = (t—t1) ... (t —t,)(t* = 201t + 2 + B7) ... (12 — 2ot + a2 + B2).
Proor. We denote by Aq, ..., \, the complex roots of the polynomial

p(A) =ag+a A+ -+ A"

Since p(A) = p(A) (the coefficients being real), we see that a complex number
A is a root if and only if its complex conjugate is also one. Hence we can list
the roots of p as follows: firstly the real ones

ooty
and then the complex ones in conjugate pairs:

(03] +’i61,0[1 — iﬁl, e, Qg +’iﬁs,()és — 263
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Then we see that p has the required form by multiplying out the correspond-
ing linear and quadratic terms.
The next result concerns the representation of rational functions. These

are functions of the form £ where p and ¢ are polynomials. By long division

every such function can be expressed as the sum of a polynomial and a

lde
rational function P

where the degree d(p) of p (i.e. the index of its highest

power) is strictly leqss than that of ¢. Hence from now on we shall tacitly
assume that this condition is satisfied. Further it is no loss of generality to
suppose that the leading coefficient of ¢ is “1”.

We consider first the case where ¢ has simple zeros i.e.

{0 = (= A (A=A

where the \; are distinct. Then we claim that there are uniquely determined
complex numbers aq, ..., a, so that

p()\) _ a1 + ap
g A= 1 A=)y
for A\ e C\ {Ay,..., \}.
ProoOF. This is equivalent to the equation

p()\) = Z a@-q@-(k)

where ¢;(\) = %. If this holds for all A as above then it holds for all A in
C since both sides are polynomials. Substituting successively Aj,A\g, ..., Ay
in the equation we see that

o p(A1)
T =) (a =)
o — p()‘n)

A= An) oo (A — (At

The general result (i.e. where ¢ has multiple zeros) is more complicated to
state. We suppose that

g(A) = (A= A)" (A=A

where the )\; are distinct and claim that the rational function can be written

as a linear combination of functions of the form ~—L— for 1 < i < r and

(A=Xi)7
1<j<n,.
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PRrROOF. Write
p(A) _ p(A)
g(n)  (A=A)ma ()
where ¢1(A) = (A= X2)"2 ... (A = A\.)". We claim that there is a polynomial
p1 with d(p1) = d(p) — 1 and an a € C so that
r(N) _ @ pi(N)

C—ma() =A™ = A g ()

from which the proof follows by induction.
For the above equation is equivalent to the following one:

pA) —an(N) PN
ey (A = A1) tg(A)
Hence it suffices to choose a € C so that p(\) — aq;(\) contains a factor
A — A1 and there is precisely one such a namely a = p(f\;\;
a1

We remark that the degree function satisfies the following properties:

d(p + q) < max(d(p), d(q))
with equality if d(p) # d(q)) and

d(pq) = d(p) + d(q)

provided that p and ¢ are non-zero.
The standard high school method for the division of polynomials can be
used to prove the existence part of the following result:

Proposition 7 Let p and q be polynomials with d(p) > 1. Then there are
unique polynomials r,s so that

g=ps+r
where 7 =0 or d(r) < d(p).

PRrROOF. In the light of the above remark, we can confine ourselves to a proof
of the uniqueness: suppose that

q=ps+r=ps;+nr
for suitable s, r, s1,71. Then
p(s—s1)=1r—r1.

Now the right hand side is a polynomial of degree strictly less than that of p
and hence so is the left hand side. But this can only be the case if s = s;.
]
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The above division algorithm can be used to prove an analogue of the
Euclidean algorithm for determining the greatest common divisor of two
polynomials p,q. We say that for two such polynomials, ¢ is a divisor of
p (written ¢ | p) if there is a polynomial s so that p = gs. Note that then
d(p) > d(q) (where d(p) denotes the degree of p). Hence if p | ¢ and ¢ | p, then
d(p) = d(q) and it follows that p is a non-zero constant times ¢ (we are tacitly
assuming that the polynomials p and ¢ are both non-zero). The greatest
common divisor of p and ¢ is by definition a common divisor which has
as divisor each other divisor of p and ¢. It is then uniquely determined up
to a scalar multiple and we denote it by g.c.d. (p,q). It can be calculated as
follows: we suppose that d(q) < d(p) and use the division algorithm to write

pP=4qs1+ 11

with r; = 0 or d(r;) < d(g). In the first case, ¢ is the greatest common
divisor. Otherwise we write

q = SoT1 + 12

then
1 = S3T2 + T3

and continue until we reach a final equation r, = sp o711 Without remainder.
Then r,_; is the greatest common divisor and by substituting backwards
along the equations, we can compute a representation of it in the form mp+nq
for suitable polynomials m and n.

Lagrange interpolation A further useful property of polynomials is the
following interpolation method: suppose that we have (n+ 1) distinct points
to,...,t, in R. Then for any complex numbers ag,...,a, we can find a
polynomial p of degree at most n so that p(t;) = a; for each i. To do this
note that the polynomial

t—t;
pi(t) = Ht- _tj‘
it

has the property that it takes on the value 1 at ¢; and 0 at the other ¢;. Then

p= Z a;Pi
=0
is the required polynomial.
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Exercises: 1) Show that a complex number )\q is a root of order r of the
polynomial p (i.e. (A — Ag)" divides p) if and only if

p(ho) =9/ (Ao) = - =p" V() = 0.

2) Show that, in order to prove the fundamental theorem of algebra, it suffices
to prove that every polynomial p of degree > 1 has at least one zero.

3) Prove the statement of 2) (and hence the fundamental theorem of algebra)
by verifying the following steps:

e show that if p is a non-constant polynomial, then there is a point Ay in
C so that [p(Ao)| < [p(A)|(A € C).

e show that p()\g) = 0.
(If ag = p(Ng) is non-zero, consider the Taylor expansion
p(A) =ag+ a,(A—Xg)" + -+ an(A— )"

of p at A\g where a, is the first coefficient after ay which does not vanish.
Show that there is a point A\; so that |p(A1)| < |ag| which is a contradiction).
4) Show that the set of rational functions is a field with the natural algebraic
operations.
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2.3 Complex vector spaces and matrices
We are now in a position to define complex vector spaces.
Definition: A complex vector space (or vector space over C) is a
set V together with an addition and a scalar multiplication i.e. mappings

(x,y) — x4+ y resp. (A, x)+— Az form V x V into V resp. from C x C' into
V' so that

erty=y+z (r,yeV)
e+ (y+z2)=(x+y +z (x,y,z€V);

e there is a vector 0 so that x + 0 = x for each x € V/;

for each x € V' there is a vector y so that x +y = 0;

M)z = Apz) (A peCzeV)

l-z=x (xeV);

Mrz+y)= X+ Ayand A +p)r = r+pur (A\peCa,yeV).

The following modifications of our examples of real vector spaces provide us
with examples of complex ones:

e C"—the space of n-tuples (Aq,...,\,) of complex numbers;

e Polc (n)—the space of polynomials with complex coefficients of degree
at most n;

o M, —the space of m x n matrices with complex elements.

We can then define linear dependence resp. independence for elements of a
complex vector space and hence the concept of basis. Every complex vector
space which is spanned by finitely many elements has a basis and so is iso-
morphic to C" where n is the dimension of the space i.e. the cardinality of
a basis.

If V and W are complex vector spaces, the notion of a linear mapping
from V into W is defined exactly as in the real case (except, of course, for
the fact that the homogeneity condition f(Az) = Af(z) must now hold for all
complex A). Such a mapping f is determined by a matrix [a;;] with respect
to bases (z1,...,x,) resp. (yi,...,y,) where the elements of the matrix are
now complex numbers and are determined by the equations

m

f(x;) = Z ijYi-

=1
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The theory of chapters I and V for matrices can then be carried over in the
obvious way to complex matrices.

Sometimes it is convenient to be able to pass between complex and real
vectors and this can be achieved as follows: if V' is a complex vector space,
then we can regard it as a real vector space simply by ignoring the fact that
we can multiply by complex scalars. We denote this space by VE. This
notation may seem rather pedantic—but note that if the dimension of V' is n
then that of Vg is 2n. This reflects the fact that elements of V' can be linearly
dependent in V' without being so in Vg since there are less possibilities for
building linear combinations in the latter. For example, the sequence

is a basis for C" whereas the longer sequence
(1,0,...,0),(4,0,...,0),(0,1,...,0),...,(0,...,0,9)

is necessary to attain a basis for the real space C" which is thus 2n dimen-
sional.

On the other hand, it V' is a real vector space we can define a correspond-
ing complex vector space Vi as follows: as a set Vi is V' x V. It has the
natural addition and scalar multiplication is defined by the equation

(A +ip)(21, w2) = (A1 — pg, pwy + ATz).

The dimensions of V' (as a real space) and Vi (as a complex space) are the
same. If f:V — W is a linear mapping between complex vector space then
it is a fortiori a linear mapping from Vg into Wgr. However, a real linear
mapping between the latter spaces need not be complex-linear. On the other
hand, if f:V — W is a linear mapping between real vector spaces, we can
extend it to a complex linear mapping fc between Vi and W by defining

fo(zr,z0) = (f(21), f(22)).

Exercises: 1) Solve the system

(1—-d)x — 9y =0
2 + (1—-idi)y =1

2) Find a Hermitian form for the matrix

i —(1+i) 1
1 2 —1
21 1 1
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3) Show that if zy, 29, z3 are complex numbers, then

21 Z21 1
det 29 Z9
z3 2’_3 1

is 47 times the area of the triangle with zq1, 29, 23 as vertices.

4) Let A and B be real n x n matrices. Show that if A and B are similar
as complex matrices (i.e. if there is an invertible complex matrix P so that
P7'AP = B) then they are similar as real matrices (i.e. there is a real matrix
P with the same property).

5) Let A and B be real n x n matrices. Show that

det(A +iB = det(A — iB)

and that
A —B

det{B A

] = | det(A +iB)|*.

6) (The following exercise shows that complex 2 x 2 matrices can be used to
give a natural approach to the two products in Rg). Consider the space M
of 2 x 2 complex matrices. If A is such a matrix, say

. @11 22
A= [ alphas;  ag }
then we write A* for the matrix
apy az
Qi Gy |
(The significance of this matrix will be discussed in more detail in Chapter
VII). We let E3 denote the family of those A which satisfy the conditions

A = A* and tr A = 0. The set of such matrices is a real vector space (but
not a complex one). In fact if 2 = (&, &, &3) is an element of R?, then the

matrix
A = |: 53 51 - Z§2 }
’ S +& =&

is in F3. Show that this induces an isomorphism between R® and Es. Show
that F3 is not closed under (matrix) products but that if A, B € E3, then

Ax B = —(AB + BA)

1
2
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is also in E3 and that
AJ: * Ay = (l‘|y)]2 + Amxy-

7) Complex 2 x 2 matrices also allow a natural approach to the subject of
quaternions (cf. Exercise 8) of section VI.1). Consider the set of matrices of

the form
z w
w —z

where z,w € C. Show that this is closed under addition and multiplication
and that the mapping
z w
(z,w) — [ _ ]

w —z

is a bijection between Q and the set of such matrices which preserves the
algebraic operations. (Note that under this identification, the special quater-
nions have the form

a=[00] =[] =0 8]

and that the quaternion & + &;i + & + &3k is represented by the matrix
&oly + A, where A, is as in exercise 6)).

8) Use the results of the last two exercises to give new proofs of the following
identities involving the vector and scalar products:

TXY=—YXI;

|z x y|| = [|z||||y||sin@ where 6 is the angle between x and y;
(z xy) x z=(z|2)y — (y[2)z;
(xxy)xz+(yxz)xe+(zxz)xy=0.
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3 EIGENVALUES

3.1 Introduction

In this chapter we discuss the so-called eigenvalue problem for operators
or matrices. This means that for a given operator f € L(V) a scalar A and
a non-zero vector x are sought so that f(z) = Az (i.e. the vector z is not
rotated by f). Such problems arise in many situations, some of which we
shall become acquainted with in the course of this chapter. In fact, if the
reader examines the discussion of conic sections in the plane and three di-
mensional space he will recognise that the main point in the proof was the
solution of an eigenvalue problem. The underlying theoretical reason for the
importance of eigenvalues is the following: we know that a matrix is the
coordinate representation of an operator. Even in the most elementary an-
alytic geometry one soon appreciates the advantage of choosing a basis for
which the matrix has a particularly simple form. The simplest possible form
is that of a diagonal matrix and the reader will observe that we obtain such
a representation precisely when the basis elements are so-called eigenvectors
of the operator f i.e. they satisfy the condition f(x;) = A\x; for suitable
eigenvalues Ap, ..., A, (which then form the diagonal elements of the corre-
sponding matrix). Stated in terms of matrices this comprises what we may
call the diagonalisation problem: given an n X n matrix A can we find an
invertible matrix S so that S~!AS is diagonal?

Amongst the advantages that such a diagonalisation brings is the fact that
one can then calculate simply and quickly arbitrary powers and thus poly-
nomial functions of a matrix by doing this for the diagonal matrix and then
transforming back. We shall discuss some applications of this below. On the
other hand, if A is the matrix of a linear mapping in R" we can immediately
read off the geometrical form of the latter from its diagonalisation.

We begin with the formal definition. If f € L(V'), an eigenvalue of f
is a scalar A so that there exists a non-zero x with f(z) = Az. The space
Ker (f — AId) is then non-trivial and is called the eigenspace of A and each
non-zero element therein is called an eigenvector. Our main concern in
this chapter will be the following: given an operator f, can we find a basis
for V' consisting of eigenvectors? In general the answer is no as very simple
examples show but we shall obtain a result which, while being much less
direct, is still useful in theory and applications.

We can restate the eigenvalue problem in terms of matrices: an eigenvalue
resp. eigenvector for an n X n matrix A is an eigenvalue resp. eigenvector for
the operator f4 i.e. A is an eigenvalue if and only if there exists a non-zero
column vector X so that AX = AX and X is then called an eigenvector.
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Before beginning a systematic development of the theory, we consider a
simple example where an eigenvalue problem arises naturally—in this case
in the solution of a linear system of ordinary differential equations:

Example: Consider the coupled system

df
— =3f+2
o [ +2g
dg
A 2.
7 f+2g

If we introduce the (vector-valued) function

we can write this equation in the form

dF
— = AF
dt
daf
3 2 dF —
_ al . . t
where A { 1 92 ] and 7 is, of course, the function j i

Formally, this looks very much like one of the simplest of all differential
equations—the equation

daf

i

and by analogy, we try the substitution

af

F(t)=eMX where X = [ il ] .
2

This leads to the solution
AMX = AF(t) = F'(t) = XeMX

or AX = AX ie. an eigenvalue problem for A which we now proceed to
solve. The column vector must be a non-trivial solution of the homogeneous
system

(3 — )\).Tl —+ 2.1’2 =0
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Now we know that such a solution exists if and only if the determinant of
the corresponding matrix vanishes. This leads to the equation

B3-AN)2-)\)—-2=0

for A which has solutions A =1 or A = 4.
If we solve the corresponding homogeneous systems we get eigenvectors
(—1,1) and (2,1) respectively and they form a basis for R*. hence if

-1 2
=0
is the matrix whose columns are the eigenvectors of A we see that

e 10
stas=[ 4 1]

Then our differential equation has the solution

F(t) = ¢, [ _11 } + cpe { ? }

ie. f(t) = —ciet +2cet, g(t) = cre! + coe* for arbitrary constants ¢, cs.
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3.2 Characteristic polynomials and diagonalisation
The above indicates the following method for characterising eigenvalues:

Proposition 8 If A is an n X n matriz, then X\ is an eigenvalue of A if and
only if X is a root of the equation

det(A — ) = 0.

PROOF. ) is an eigenvalue if and only if the homogeneous equation AX =
AX has a non-trivial solution and the matrix of this equation is A — AI.
We remark that det(A — AI) = 0 is a polynomial equation of degree n.
From this simple result we can immediately draw some useful conclusions:
[. Every matrix over C has n eigenvalues, the n roots of the above equa-
tion (although some of the eigenvalues can occur as repeated roots of the
equation).
II. Every real matrix has at least one real eigenvalue if n is odd (in particular
if n = 3). The example of a rotation in R* shows that 2 x 2 matrices over R
need not have any eigenvalues.
II1. If A is a triangular matrix, say

a1 Q12 ... Qip
Ao O Ao ... a?n ’
6 0 ... a,.m
then the eigenvalues of A are just the diagonal elements ayi,...,a,, (in

particular, this holds if A is diagonal). For
det(A —A) = (a;1 — A) ... (@py — N)

with roots aq1,. .., an,.

Owing to the special role played by the polynomial det(A — AI) in the
eigenvalue problem we give it a special name—the characteristic polyno-
mial of A—in symbols y4. For example, if

then xa(A) = A(1 — A)(A — 3).
For an operator f € L(V'), the characteristic polynomial is defined by the
equation
() = det(f — AId)
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and the eigenvalues are the roots of this polynomial.
We now turn to the topic of the diagonalisation problem. The connection
with the eigenvalue problem is made explicit in the following result:

Proposition 9 A linear operator f € L(V) is diagonalisable if and only if
V' has a basis (z1,...,x,) consisting of eigenvectors of f.

Proposition 10 If an nxn matriz A hasn linearly independent eigenvectors
Xi,..., Xy and S is the matriz [X; ... X,], then S diagonalises A i.e.

STYAS = diag (M1, ..., \n)

where the \; are the corresponding eigenvalues.

ProoOF. If the matrix of f with respect to the basis (x1,...,z,) is the
diagonal matrix

A0 0

0 X 0

0 0 An

then f(x;) = A\x; i.e. each x; is an eigenvector. Conversely, if (z;) is a basis
so that f(z;) = A\z; for each 7, then the matrix of f is as above. The second
result is simply the coordinate version.

As already mentioned, the example of a rotation in R* shows that the
condition of the above theorems need not always hold. The problem is that
the matrices of rotations (with the trivial exceptions D, and Dy) have no
(real) eigenvalues. There is no problem if the operator does have n distinct
eigenvalues, as the next result shows:

Proposition 11 Let f € L(V) be a linear operator in an n dimensional
space and suppose that f hasr distinct eigenvalues with eigenvectors xy, .. ., T,.
Then {x1,...,x.} is linearly independent. Hence if f has n distinct eigen-
values, it is diagonalisable.

ProOF. If the z; are linearly dependent, there is a smallest s so that x; is
linearly dependent on xq, ...,z 1, say Ts = 11 + ... s_1Ts 1. 1f we apply
f to both sides and then subtract A, times the original equation, we get:

0=p(M —As)xr + -+ prsm1(Xs1 — Ag)Ts1

and this implies that the xq,...,x,_1 are linearly dependent which is a con-
tradiction.

Of course, it is not necessary for a matrix to have n distinct eigenvalues
in order for it to be diagonalisable, the simplest counterexample being the
unit matrix.
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Estimates for eigenvalues For applications it is often useful to have esti-
mates for the eigenvalues of a given matrix, rather than their precise values.
In this section, we bring two such estimates, together with some applications.

Recall that if a matrix A is dominated by the diagonal in the sense that

for each ¢
laii] = lai| >0,
J#
then it is invertible (see Chapter IV). This can be used to give the following
estimate:

Proposition 12 Let A be a complex nxn matriz with eigenvalues \q, ..., \,.

Put for each 1
o; = Z |aij|-
i
Then the eigenvalues lie in the region

U{z € C:|z—ay| < a4}

PROOF. It is clear that if A does not lie in one of the above circular regions,
then the matrix (A — A) is dominated by the diagonal in the above sense
and so is invertible i.e. A is not an eigenvalue.

We can use this result to obtain a classical estimate for the zero of poly-
nomials. Consider the polynomial p which maps t onto ag + a1t + -+ - +
an,_1t""1 4", The roots of p coincide with the eigenvalues of the companion
matrix

0 1 0o ... 0
0 0 1 ... 0
C =
—ayp —a; —Qa ... —QAp—1

(see Exercise 4) below).
It follows from the above criterium that if X is a zero of p, then

Al <max(|ag|, 1+ |as], ..., 1+ |an—1]).

Our second result shows that the eigenvalues of a small matrix cannot be
too large. More precisely, if A is an n x n matrix and a = max; ; |a;;|, then
each eigenvalue \ satisfies the inequality: |A\| < na. For suppose that

&
X=|:
£
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is a corresponding eigenvector. Then we have
(AX]X) = A(X]X)

1.e.
A G6E=Daikd.
i i,

Taking absolute values, we have the inequality

NYI6P < Y lealielie]
< Z 6165
- <Z &N I&iD
<na(y_ I&F)J

which implies the result. (In the last inequality, we use the Cauchy-Schwarz
inequality which implies that 37, |&] < n2 (3, |&]?)2. See the next chapter
for details).

We conclude this section with an application of the diagonalisation method:

Difference equations One of many applications of the technique of diago-
nalising a matrix is the solving of difference equations. Rather than develop a
general theory we shall show how to solve a particular equation—the method
is, however, quite general.

The example we choose is the difference equation which defines the famous
Fibonacci series. This is the sequence (f,,) which is defined by the initial
conditions f; = fo = 1 and the recursion formula f, o = f, + for1. If
f n+1

Ja

we write X, for the 2 x 1 matrix [ ], then we can write the defining

conditions in the form

X1 = |: 1 :| and XnJrl = AXn

1 1
WhereA:{1 O]'

A simple induction argument shows that the general solution is then
X,, = A" 1X,. In order to be able to exploit this representation it is necessary
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to compute the powers of A. To do this directly would involve astronomical
computations. The task is simplified by diagonalising A. A simple calculation

1 5 1—+/5
shows that A has eigenvalues +2\/_ and 2\/_, with eigenvectors
1+v5 1-V5
T T
Hence
. L5
STAS = (2) "y
2
1+v/56  1-v5
where S = 2 2
1 1
From this it follows that
L] llwﬁ 1—\/3Hl+2¢5 0 ” 1 —1—2\/5]
- 2 2
1-/5 145
\/g 1 1 0 2\/_ -1 +2\/_
and
o {H\/ﬁ 1¢5Hl+2¢5 0 ]"[ 1 —1;5]
n_ _—_ 2 2
- 1-v5 1+V5
NG 1 1 0 2\/_ 1 +2

This leads to the formula

1
fn:ﬁ

() - (%))

Examples: 1) Calculate x4(\) where

11 1
A—
11 1
Solution:
1-X 1 1
xa(A) = det : :
1 1 ... 1=2A

= (n = AN (=),

by a result of the previous chapter.
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2) Calculate the eigenvalues of the n x n matrix

010 ...0
001 0
A= . :
1 00 0
Solution:
-A 1 0 . 0
0 X1 0
xa(A) =
1 00 A
= (=)™ (A" —=1).
Hence the eigenvalues are the roots e of unity (r=0,...,n—1).

3) Calculate the eigenvalues of the linear mapping
ai; a2 . ail Qg1
Q21 A22 a2 Qa2

on MQ.

Solution: With respect to the basis

(10 o1 Joo Jo o0
=400l 7 loo] BT l10| ™01

the mapping has matrix

O = OO
O O = O
_— o O O

1
0
0
0
and this has eigenvalues 1,1,1, —1.

4) Show that f, 11 fn1—f2 = (—=1)""! where f, is the n-th Fibonacci number.
Solution: Note the

fosifo1 — f2 = det { f;c::l ff: }

B 11" [ f
‘det[lo} {fl fo]
:(det[i é])"ldet{i 1}

= (-1 L
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3.3 The Jordan canonical form

As we have seen, not every matrix can be reduced to diagonal form and in
this section we shall investigate what can be achieved in the general case.
We begin by recalling that failure to be diagonalisable can result from two
causes. Firstly, the matrix can fail to have a sufficient number of eigenvalues
(i.e. zeroes of x4). By the fundamental theorem of algebra, this can only
happen in the real case and in this section we shall avoid this difficulty by
confining our attention to complex matrices resp. vector spaces. The second
difficulty is that the matrix may have n eigenvalues (with repetitions) but
may fail to have enough eigenvectors to span the space. A typical example
is the shear operator

(€1,&2) = (&1 + &2, &2)

1
0 1|

This has the double eigenvalue 1 but the only eigenvectors are multiples
of the unit vector (1,0). We will investigate in detail the case of repeated
eigenvalues and it will turn out that in a certain sense the shear operator
represents the typical situation. The precise result that we shall obtain is
rather more delicate to state and prove than the diagonalisable case and we
shall proceed by way of a series of partial results. We begin with the following
Proposition which allows us to reduce to the case where the operator f has
a single eigenvalue.

In order to avoid tedious repetitions we assume from now until the end
of this section that f is a fixed operator on a complexr vector space V of
dimension and that f has eigenvalues

A AL g e A A

with matrix

where \; occurs n; times. This means that f has characteristic polynomial
AN =) (A=)
where ny + -+ 4+ n, =n).
Proposition 13 There is a direct sum decomposition
V=Vie oV,

where

e cach V; is f invariant (i.e. f(V;) CV;);

e the dimension of V; is n; and (f — N\ Id)™ |y, = 0.

In particular, the only eigenvalue of f|y, is A;.
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Proor. Fix ¢. It is clear that
Ker (f — \Id) € Ker (f —\Id)? C ...
Hence there exists a smallest r; so that
Ker (f — \Id)" = Ker (f — \Id)+

and so

Ker (f — \Id)" = Ker (f — \Id)" ™

for m € N.
Then we claim that

V = Ker(f — Add)" @ Im(f — A\Jd)"

Since the sum of the dimensions of these two spaces is that of V, it suffices
to show that their intersection is {0}. But if y € Ker (f — \;Id)™ and y =
(f — NId)" (), then (f — NId)?"(z) = 0 and so z € Ker (f — \Id)? =
Ker (f — NId)™ ie. y = 0. It is now clear that if V; = Ker(f — A\;Id)™, then

V=Vi® -aV,

is the required decomposition.
If f € L(V), then the sequences

Ker f C Ker f> C ...

and
fV)> fA(V)o...
become stationary at points r, s i.e. we have

Ker f # Ker f? # --- # Ker f" = Ker " = ...

and
fW)# PV 42 V)= V)=
Then the above proof actually shows the following:

Proposition 14 r = s and V =V, ®Vy where Vi = f7(V') and Vo = Ker f".

Corollar 2 If f is such that Ker f = Ker f?, then V = f(V) @ Ker f.
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Using the above result, we can concentrate on the restrictions of f to the sum-
mands. These have the special property that they have only one eigenvalue.
Typical examples of matrices with this property are the Jordan matrices
which we introduced in the first chapter. Recall the notation

A1 0 0
0 A1 0
Jn(N) = ,
0 00 A
In particular, the shear matrix is J;(1).
The following facts can be computed easily.
1) Jn(\) has one eigenvalue, namely A, and one eigenvector (1,0,...,0) (or
rather multiples of this vector);
2) If p is a polynomial, then
(n—1)
PO PO -
0 pA
pION) = W |
0 0 p(A)
3) Jo(A) — AI is the matrix
010 0
0 01 0
000 0

Hence (J,(A) = AI)™ =0 and (J,(A) = AI)" # 0 if r < n.

The next result shows that all operators with only one eigenvalue can be

represented by blocks of Jordan matrices:

Proposition 15 Let g be a linear operator on the n-dimensional space W
so that (g — AI)™ = 0 for some X\ € C. Then there is a decomposition

W:WIEB"'EBW];;

so that each W; is g-invariant and has a basis with respect to which the matriz
of g is the Jordan matriz Jg,(\) where s; = dim W;.

By replacing g by g — Al we can reduce to the following special case which

is the one which we shall prove:
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Proposition 16 Let g € L(V) be nilpotent with g" = 0, g1 # 0. Then
there is a decomposition

V=Vi®--aV

with each V; g-invariant and a basis for each V; so that gy, has matriz Js,(0)

where s; = dim V.

PROOF. Choose z; € V so that ¢g"~!(x1) # 0. Then the vectors

z1,9(x1)s .. g7 ()

are linearly independent. Otherwise there is a greatest k so that ¢¥(z) is
linearly dependent on g“*1(zy),...,¢" 1(z1) say

g (x1) = Xegr g™ (@) F - F Mmrgm ).

But if we apply ¢" %! to both sides we get g"~!(z;) = 0—a contradiction.
Now there are two possibilities: a) (z1, g(x1),...,¢" '(x1)) spans V. Then

yi=9¢""x1),y2 =g (1), .,y =1

is a basis for V' with respect to which g has matrix J,.(0).
b) Vi = [z1,9(x1),...,9" ' (x1)] # V. We then construct a g-invariant sub-
space V5 whose intersection with V] is the zero-vector. We do this as follows:
for each y not in V; there is an integer s with ¢°~1(y) ¢ Vi, and ¢°(y) € 1}
(since ¢'(y) is eventually zero). Choose a y € V' \ V; for which this value of
5 is maximal.

Suppose that ¢°(y) = Z;;é A;¢’(z1). Then

0=y9"(y)
=9"(9°(y))

I
>
<.
Q
<.
_l’_
=
.
—
8
SN~—

Hence \; = 0 for j = 0,...,s — 1 since z1,g(x1),...,9" *(x1) are linearly
independent and so ¢*(y) = Z;;i Nig(z1). Put 29 =y — Z;;i g7 ().
Then ¢*(z2) = 0 and by the same argument as above, {z, g(x2), ... 95 *(z2)}
is linearly independent. Then V, = |29, y(z2), . .., g '(x2)] is g-invariant and

has the desired property.
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Now if V = V] & V5 we are finished. If not we can proceed in the same
manner to obtain a suitable V3 and so on until we have exhausted V.

We are now in a position to state and prove our general result. Starting
with the operator f € L(V') we first split V' up in the form

V=Wi® -aV,

where each V; is f-invariant and the restriction of (f —\;Id) to V; is nilpotent.
Applying the second result we get a further splitting

Vi=Wi®--- oW,

and a basis for WJZ so that the matrix is a Jordan matrix. Combining all

of the bases for the various VVij we get one for V' with respect to which the
matrix of f has the form

diag (JO)s -+ oy T, T2)s ooy T, -y JOW))

where we have omitted the subscripts indicating the dimensions of the Jordan
matrices.

This result about the existence of the above representation (which is
called the Jordan canonical form of the operator) is rather powerful and
can often be used to prove non-trivial facts about matrices by reducing to
the case of Jordan matrices. We use this technique in the following proof
of the so-called Cayley-Hamilton theorem which states that a matrix is a
“solution” of its own characteristic equation.

Proposition 17 Let A be an n x n matriz. Then xa(A) = 0.

PrROOF. We begin with the case where A has Jordan form i.e. a block
representation diag (A;,...,A,) where A; is the part corresponding to the
eigenvalue \;. A; itself can be divided into Jordan blocks i.e.

A =diag(J(Ni), ..., J(N)).

Now if p is a polynomial, then p(A) = diag(p(4;),...,p(A4,)) and so it
suffices to show that y4(A;) = 0 for each i. But x4 contains the factor
(A — A)™ and so xa(A;) contains the factor (Al — A;)™ and we have seen
that this is zero.

We now consider the general case i.e. where A is not necessarily in Jordan
form. We can find an invertible matrix S with A = S~*AS has Jordan form.
Then x ; = x4 and so

Xa(A) = x4(5) = x4(SAS™") = Syz(A)S ' =0.

The Cayley-Hamilton theorem can be used to calculate higher powers and
inverses of matrices. We illustrate this with a simple example:

o4



Example: If

2 -1 3
A=11 0 2|,
0 3 1
then
Xa(A) = =A° +3)% + 3\ -2
and so

—A® +3A% £ 3A - 21 = 0.
Hence A% = 3A%2 — 3A — 2. From this it follows that
A =3A3 1347 - 24

13 18 3 3 77 2 -1 3
=319 13 21 (+3(2 55 |-2(1 0 2
9 18 12 3 37 0 3 1
44 77 105
= |31 57 T4
36 57 85

Also 21 = — A3 +3A% + 3A = A(—A? +3A+ 3]) ie.

3 -5 -8

_ 1
Alz—é(—A2+3A+3I): R
?7 3 -3

A further interesting fact that can easily be verified with help of the Jordan
form is the following:

Proposition 18 Let A be an n x n matriz with eigenvalues Ay, ..., A\, and
let p be a polynomial. Then the eigenvalues of p(A) are p(A\1),...,p(An).

PRrOOF. Without loss of generality, we can assume that A has Jordan form
and then p(A) is a triangular matrix with diagonal entries p(\1),...,p(\,).

The above calculations indicate the usefulness of a polynomial p such that
p(A) = 0. The Cayley-Hamilton theorem provides us with one of degree n.
In general, however, there will be suitable polynomials of lower degree. For
example, the characteristic polynomial of the identity matrix I, is (1 — \)"
but p(I) = 0 where p is the linear polynomial p(A\) = 1 — A. Since it is
obviously of advantage to take the polynomial of smallest degree with this
property, we introduce the following definition:
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Definition: Let A be an n X n matrix with characteristic polynomial*
Xa(A) = (A =)™ (A =A™

Then there exists for each ¢ a smallest m; (< n;) so that p(A) = 0 where
pA) = (A =A™ (A =A™

This polynomial is called the minimal polynomial of A and denoted by
m4. In principle it can be calculated by considering the n; -ns .. .n, divisors
of the characteristic polynomial which contain the factor (\; —\) ... (A, —A)
and determining the one of lowest degree which annihilates A. In terms of
the Jordan canonical form of A it is clear that m; is the order of the largest
Jordan matrix in the block corresponding to the eigenvalue ;.

We conclude with two simple and typical applications of the Cayley-
Hamilton theorem.
I. Suppose that we are given a polynomial p with roots Ay,..., A, and are
required to construct a second one whose roots are the square of the \;
(without calculating these roots explicitly). This can be done as follows: let
A be the companion matrix of p so that the eigenvalues of A are the roots
of p. Then if B = A2, the eigenvalues of B are the required numbers. Hence
q = x B is a suitable polynomial.
IT. Suppose that we are given two polynomials p and ¢ whereby the roots of
p are A\i,...,A,. If A is the companion matrix of p, then the eigenvalues of
q(A) are q(A\1),...,q(A,). Hence p and ¢ have a common root if and only
if detq(A) = 0. This gives a criterium for the two polynomials to have
a common root. For this reason the quantity A = detg(A) is called the
resultant of p and q.

The particular case where ¢ is the derivative of p is useful since the ex-
istence of a common root for p and p’ implies that p has a double root. In
this case the expression A = det p/(A) is called the discriminant of p.

Example: For which values of a,b, ¢ is the matrix

0 0 1
A= 4 a b
-2 1 c
nilpotent?
Solution: We calculate as follows:
-2 1 c

A2= | 4a—2b a?2+b 4+ab+be
4—2¢c a+c —24+b+c?
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which is never zero.

4—2c a+c —24+b+c?
A% = ? ? ?
? ? ?

(we do not require the entries marked by a question mark). If A* = 0, we
must have ¢ =2, a = —2, b = —2. Then

0 0 1
A= 4 -2 =2
-2 1 2

and one calculates that A3 = 0 i.e. A is nilpotent if and only if a, b and c
have the above values.

Example: Show that the matrix

1 1 0
A=| -3 -2 1
-1 0 1

is nilpotent and find a basis which reduces it to Jordan form.
Solution: One calculates that

-2 -1 1
A2=1| 2 1 -1
-2 -1 1
and A% = 0. Now
1 1 1 -2
Al 0| =] -3 and A2 0| = 2
0 1 0 2

Then (-2,2,2), (1,—3,1) and (1,0,0) are linearly independent and with
respect to this basis f4 has matrix

o O O
o O =
O = O
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Example: Calculate the minimal polynomials of

1
A=10
0

O = =

1 111
1 B=]1111
1 1 11
Solution: x4(A\) = (1 — X)? and
011
(A-X)=|00 1
000

It is clear that (A—1)?> # 0 and (A—1)* =01ie ma(\) = (1
A?(3 — \) and one calculates that B(B — 3I) = 0 i.e. mp(\) = A(3 — ).

Exercises: 1) For which values of a, b and ¢ are the following matrices
nilpotent?

2 =2 a 0 a
A=12 =2 b B = 6 -3 ¢
1 -1 0 -2 1 =3

2) For each eigenvalue A of the matrices A and B below calculate the value
of r for which Ker (A — AI)" becomes stationary:

¢ 80 > 100
A= -1 -1 0 B =
0 0 1 3210
4 3 21
3) Solve the differential equations:
df
& g
g
— = —06 5
7 f o+ 59
4) Diagonalise the matrix
1 -1 2
A= -1 1 2
2 -2
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and use it to solve the difference equations:

ap4+1 =  Qp - bn + 2¢,
bn-l—l = —a, + bn + 2c¢,
Cny1 = 2a, + 2b, — 2c,

resp. the system of equations:

d

g—j = x - y + 2z
g—z = -z + y + 2z
d_j = 2z + 2y — 2z

5) Let V; be a subspace of the vector space V' which is invariant under the
operator f € L(V'). Show that if f is diagonalisable, then so is the restriction
of f to Vj.

6) A cyclic element for an operator f € L(V) is a vector z so that

{z, f(@), f* (@), f" (@)}

forms a basis for V' (where n = dim V). Show that if f is diagonalisable,
then it has a cyclic element if and only if its eigenvalues are distinct.

7) Show that if two matrices are diagonalised by the same invertible matrix,
then they commute.

8) Let A be a diagonalisable n x n matrix. Show that a matrix B commutes
with every matrix that commutes with A if and only if there is a polynomial
p so that B = p(A). Show that if A has distinct eigenvalues, then it suffices
for this that B commutes with A.

9) Let f € L(V) be such that each vector z € V is an eigenvalue. Show that
there is a A € R so that f = Ald.

10) Let f, g € L(V) commute. Show that each eigenspace of f is g-invariant.
11) Suppose that f € L(V) has n distinct eigenvalues where n = dim V.
Show that V' contains precisely 2" f-invariant subspaces.

12) Show that f € L(V) is nilpotent if and only if its characteristic polyno-
mial has the form £\" where n = dim V. Deduce that if f is nilpotent, then
f™=0. 13) A nilpotent operator f on an n dimensional space V' is nilcyclic
if and only if V has a basis of the form (z, f(z), f*(z),..., f*!(x)) for some
x €V (i.e. xis a cyclic vector as defined in Exercise 6). Show that this is
equivalent to each of the following conditions:

e f"=0but f"L#£0;
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o r(f)=n—1
e dimKer f = 1;

e there is no decomposition V = V; @ V5 where V; and V5 are non-trivial
subspaces which are f-invariant.

14) Show that if A is an invertible n X n matrix, then

Xar () = (1" 2 va()

Show that in general (i.e. without the condition on invertibility of A) we
have

tr (M — A)~L = ijgii

whenever A is not an eigenvalue of A.
15) Show that if A is a nilpotent n x n matrix with A¥ = 0, then I — A is
invertible and

(I—A) ' '=T+A+ -+ AL

16) Let A be a complex 2 x 2 matrix which is not a multiple of the unit
matrix. Show that any matrix which commutes with A can be written in the
form AT 4+ pA (A p € C).

17) Find a Jordan canonical form for the operator

D : Pol (n) — Pol (n).

18) Show that every n x n matrix over C can be represented as a sum D+ N
whereD is a diagonalisable matrix, N is nilpotent and N and D commute.
Show that there is only one such representation.

19) A linear mapping f : V — V has an upper triangular representation
(i.e. a basis with respect to which its matrix is upper triangular) if and
only if there is a sequence (V;) of subspaces of V' (i = 0,...,n) where the
dimensional if V; is i and V; C V4, for each i so that f(V;) C V; for each
i. Show directly (i.e. without using the Jordan canonical form) that such
a sequence exists (for operators on complex vector spaces) and use this to
give a proof of the Cayley-Hamilton theorem independent of the existence of
a Jordan form. Show that if f and V are real, then such a representation
exists if and only if x; has n real zeroes.

20) Show that if A is an n X n matrix with eigenvalues Aq, ..., A, then the
eigenvalues of p(A) are p(\1),...,p(An)-

21) Let J be a Jordan block of the form J,(A). Calculate
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e the set of matrices B which commute with A;

e the set of matrices which commute with all matrices which commute
with A.

Deduce that a matrix is in the latter set if and only if it has the form p(A)
for some polynomial p.

22) Use 21) to show that a matrix B commutes with all matrices which
commute with a given matrix A if and only if B = p(A) for some polynomial
p (cf. Exercise 7) above).

23) Show that if A; and Ay are commuting n X n matrices, then their eigen-
values can be ordered as

AlyeooyAn TESP.  fh1, ..., fby

in such a way that for any polynomial p of two variables, the eigenvalues of
p(Ay, Ay) are

p<)\17 /~L1>7 tt 7]7()\117 :un)
Generalise to commuting r-tuples Ay, ..., A, of matrices.
24) Show that if p and g are polynomials and A is the companion matrix of p,
then the nullity of ¢(A) is the number of common roots of p and ¢ (counted
with multiplicities). In the case where ¢ = p/, the rank of p’(A) is the number
of distinct roots of A.
25) Consider the companion matrix

0 1 0o ... 0
0 0 1 ... 0
C= : :
0 0 0o ... 1
| —ao —ar —az ... —ag |

of the polynomial p (cf. a previous exercise) and suppose now that p has
repeated roots

YVINUED VI VUUEED VSR WD W

where \; occurs n; times. Show that C' has Jordan form

diag (Jn, (A1), Jny(A2), -+ s T (Ar))

and that this is induced by the following generalised Vandermonde matrix:

[ 1 0 1 0 |
A\ 1 S VO |
A2 20 N .0
AP (= )AT2 ah  em
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(The first n; columns are obtained by successive differentiation of the first
one and so on).
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3.4 Functions of matrices and operators

We have often used the fact that we can substitute square matrices into
polynomials. For many applications, it is desirable to be able to do this
for more general functions and we discuss briefly some of the possibilities.
Suppose firstly that A is a diagonal matrix, say

A =diag (A1, ..., ).
Then if we recall that for a polynomial p,

it is natural to define z(A) to be diag (z(\1), . .., z(\,)) for a suitable function
x. In order for this to make sense, it suffices that the domain of definition of x
contain the set {A1,..., A\, } of eigenvalues of A. In view of the importance of
the latter set in what follows, we denote it by o(A). It is called the spectrum
of A. Of course, substitution satisfies the rules that (x+y)(A) = z(A)+y(A)
and (zy)(A) = 2(A)y(A).

If A is diagonalisable, say

ST'AS = D =diag(a,1,...,\n),
we define x(A) to be
S-z(D)-S'=8-diag(z(\1),...,z(\)) - S

The case where A is not diagonalisable turns out to be rather more tricky.
Firstly, we note that it suffices to be able to define z(A) for Jordan blocks.
For if A has Jordan form

STAS = diag (Jy,...,J,)
then we can define z(A) to be
S -diag (x(h), ...,z Jp)) - S

once we know how to define the x(.J;). (We are using the notation diag (J1, ..., J,)
for the representation of a Jordan form as a blocked diagonal matrix).

In order to motivate the general definition, consider the case of the square
root of the Jordan matrix J,(A). Firstly, we remark that for A = 0, no such
square root exists. We show this for the simplest case (n = 2) but the same
argument works in general.
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Example: Show that there is no matrix A so that
01
A% = :
0l

Solution: Suppose that such a matrix exists. Then A* = 0 and so A is
nilpotent. But a 2 x 2 nilpotent matrix must satisfy the equation A? =
(since its characteristic polynomial is A?) which is patently absurd. We now
turn to the general case and show that if A is non-zero, then J,,(\) does have

a square root. In fact, if \'/2 denotes one of the square roots of \, then the
matrix

1 (3)5 (%) (2)5
X 1
A= )20 1 (3 (u25) v
o 0 0 .. 1

(where for any real number o and n € N, (f:) is the binomial coefficient

ala—=1)...(a =n+1)
n!

)

satisfies the equation A% = J,,(\).

If this matrix seems rather mysterious, notice that the difference between
the cases A = 0 and A # 0 lies in the fact that the complex function z — z'/2
is analytic in the neighbourhood of a non-zero A (i.e. is expressible as a power
series in a neighbourhood of A\) whereas this is not the case at 0. In fact, we
calculated the above root by writing

T\ = (T + %N)

where N is the nilpotent matrix J,(0). We then wrote

1

T (WY = AT + XN)W

and substituted %N for z in the Taylor series

(1+2)Y2 = i (%)z

1=0

Of course, the resulting infinite series terminates after n-terms since N = 0.
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If we apply the same method to the Taylor series
(1+2)t=1—24+22-2+...

then we can calculate the inverse of J,(\) for A # 0. The reader can check
that the result coincides with that given above.

This suggest the following method for defining z(A) where, for the sake
of simplicity, we shall assume that = is entire. This will ensure that x has a
Taylor expansion around each A in the spectrum of A. As noted above, we
use the Jordan form

STYAS = diag (Jy,...,J,)
where J; is J,,,(\;). We define x(J;) as follows. x has the Taylor expansion

(N =z(N) + 2" (NN =)+ ...
around ;. If we substitute formally we get the expression

x(n_l) ()\)
— . sy T SOV \ Ve
x(J;) = x(MN) I+ 2" (N)N + -+ 1) N
where J; = NI + N (i.e. N =J,,(0)).
We now give a purely algebraic form of the definition. Suppose that A is
an n X n matrix with distinct eigenvalues Ay, ..., A, and minimal polynomial

m(A) = [T =)™,

We shall define z(A) for functions = which are defined on a neighbourhood
of the set of eigenvalues of A and have derivatives up to order m; — 1 at \;
for each . It is clear that there is a polynomial p so that

for each 7 and kK < m; — 1.

Perhaps the easiest way to do this is as follows. Firstly we construct a
polynomial L;; (of minimal degree) which vanishes, together with its deriva-
tives up to order m; — 1 at \; (j # i) and is such that the k-th derivative at
Ai is one, while all other ones vanish there (up to order m; — 1). We denote
this polynomial by L;; (it can easily be written down explicitly but as we
shall not require this directly we leave its computation as an exercise for the
reader).

Then the polynomial which we require is

p= Z TikLig
ik

65



where z;, = x®)();). Hence if we write Py, for the operator L, (A), then
ik

The P, are called the components of A.
In the special case where A has n distinct eigenvalues, then x4 has the
form

A= A1) oo (A= An).

The only relevant L’s are the L;y’s which we denote simply by L;. Thus L;
is the Lagrange interpolating polynomial

H A=A

i A

which takes on the value 1 at A\; and the value 0 at the other A’s. We note also
the fact that the sum of the L;’s is the constant function one and that L? = L;
(both of these when the functions are evaluated at the eigenvalues). In this
case, the components P; = L;(A) satisfy the equations P? = P, (i.e. they
are projections) and their sum is the identity operator. The most important
example of such a function of a matrix is the exponential function. Since the
latter is entire, we can substitute any matrix and we denote the result by
exp(A) or e, We note some of its simple properties:

e if A is diagonalisable, say A = SDS™! where D = diag (\,..., \),
then

exp A =S -diag (eM,...,eM) 571

e if A= D+ N where D is diagonalisable and N is nilpotent, both
commuting, then exp A = exp D - exp N and

exp N = o
k=0

where the series breaks off after finitely many terms;
o exp A-exp(—A) =1 (and so exp A is always invertible);

o if (\,...,\,) are the eigenvalues of A, then (e, ..., e*) are the eigen-
values of exp A;

e if A and B commute, then so do exp A and exp B and we have the
formula
exp(A+ B) =exp A -exp B.

In particular, if s,¢ € R, then exp(s +t)A = exp sA - exp tB;
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e the function ¢t — exptA from R into the set of n X n matrices is
differentiable and

%(exp tA) = A-exp(tA).
We remark that the statement in (6) means that the elements of the matrix
exptA, as functions of ¢, are differentiable. The derivative on the left hand
side is then the matrix obtained by differentiating its elements.

This property is particularly important since it means that the general
solution of the system

dX
— = AX
dt
of differential equations where X is the column matrix
1(t)
X)) =1
Xy (1)

whose elements are smooth functions is given by the formula
X(t) =exptA- X

where X is the column matrix

of initial conditions.

Example: Consider the general linear ordinary differential equation of de-
gree n
2™ 4 a, 2" 4 g =0

with constant coefficients. We can write this equation in the form

dX
& Ax
dt

where X is the column vector



and A is the companion matrix

0 1 0 0
0 0 1 0
A=
0 0 0 1
—ag —a1 —Qg ... —Qp_1

of the polynomial
p(t) =1t" + ap_ 1"+ -+ ag.

As we know, the characteristic polynomial of this matrix is p and so its
eigenvalues are the roots A\q1,..., A\, of p.

We suppose that these \; are all distinct. Then A is diagonalisable and
the diagonalising matrix is the Vandermonde matrix

S |

Mo A

VO, )= | . _
Ao antt

Hence if we write S for this matrix, we have
exp At = S - diag (eM?, ... M) . 571
and the solution of the above equation can be read off from the formula
X(t)=8-(eM, ... M) 51X,

where X is the column matrix of initial values

$(n71) (0)

The reader can check that this provides the classical solution.

In principle, the case of repeated roots for p can be treated similarly.
Instead of the above diagonalisation, we use the reduction of A to its Jordan
form. The details form one of the main topics in most elementary books on
differential equations.
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Exercises: 1) Calculate exp A where

010 ) )
A—12 0 2 A C?SH —sinf A 0959 sin 0 A 0
010 sinf@ cos@ sinf@ —cosf —t

2) Solve the following system of differential equations:

d—? = — 1223 4+ e 3
4,

—t = —x; —+ 7.1’2 — 201’3
&,
dt

= I + S5x3 + cost.
3) If i i
010 . 0
0 1 0
C =
000 1
i 1 00 0 |

calculate exp tC'.

4) Calculate exp A where A is the matrix of the differentiation operator D
on Pol (n).

5) Show that if A is an n X n matrix all of whose entries are positive, then
the same holds for exp A.

6) Show that det(exp A) = exp(tr A).

7) Show that the general solution of the equation

dx
X Ax 4B
dt +

with initial condition X (0) = X, where A is a constant n x n matrix and B
is a continuous mapping from R into the space of n x 1 column matrices, is
given by the equation

X(t) = /0 exp((t — s)A)B(s)ds + exptA - X.

8) Show that if A is an n X n matrix with distinct eigenvalues Ay, ..., A, and
minimal polynomial

m(A) = [T =)™,
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then two polynomials p and ¢ agree on A (i.e. are such that p(A) = q(A)) if
and only if for each i

p(A) =aqN) PN =dN) o PN = ™).

9) Let A and B be n x n matrices and define a matrix function X(¢) as

follows:
X(t) = eMCBP.

Show that X is a solution of the differential equation

dx
X Ax 4 XB
dt +

with initial condition X (0) = C.
Deduce that if the integral

Y = —/ etCePt dt
0

converges for given matrices A, B and C, then it is a solution of the equation
AY+YB=C.

10) Let A and B be nxn matrices which commute and suppose that A% = A.
Show that M(s) = AeP® is a solution of the functional equation M (s + t) =
M (s)M(t). Show that if, on the other hand, M is a smooth function which
satisfies this equation, then M (s) has the form AeP* where A = M(0) and
B = M'(0).

11) For which matrices A are the following expressions defined:

sin A, cos A, tan A, sinh A, cosh A, tanh A, In(I + A)?

Show how to use the methods of this section to solve a differential equation

of the form 2y
— = AX
dt?
with initial values X (0) = Xy, X'(0) = Y. 12) Show that if a function x is

such that z(A) is defined, then so is z(A") and we have
x(A") = x(A)".
13) Show that if A and B are commuting n X n matrices, then

(B—A)"

2(B) = o(A) +2/(4) - (B— A) 4+ 2" (A) . ——

for suitable functions x and integers m.
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3.5 Circulants and geometry

An n x n matrix A is a circulant if it has the form

Qo a; ... QAp—1
Ap—1 Ay ... QAp—9
ay as ... Q)

Note that this just means that A is a polynomial function of the special
circulant

010 ... 0

0 01 0
C=1.

100 ... 0

In fact, A is then p(C) where
p(t) =ag+ait+---+ anfltnil.

The following result gives an alternative characterisation of circulant matri-
ces. It can be verified by direct calculation.

Proposition 19 An n x n matriz is circulant if and only if it commutes
with C.

We have already calculated the eigenvalues of C' and found them to be
Lww.. . ,w

where w is the primitive root cos 2% + 4 sin %’T The eigenvector corresponding
to w* is easily seen to be up = J=(w" w?, ... w™). (The reason for the

factor ﬁ will become apparent later). These eigenvectors are particularly
interesting since they are also eigenvectors for all polynomial functions of C'
i.e. for the circulant matrices.

Here we shall discuss briefly the circulants of the form

111 ....10 ...0
011 ... 11...0
111 ... 00 ... 1

where there are m “ones” in each row. In other words,

A=p(C) where p(t)= 1

—(L4t4---+ ™).
m
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It follows from the above that the eigenvalues of A are A{,..., )\, where
A, = 1 and

11—whm
Ak = m 1—wh
for k # n.

Then we see immediately

e that A is invertible if and only if m and n are relatively prime;

e that if d is the greatest common divisor of m and n, then the dimension
of the kernel of f4 is d and it has a basis consisting of the vectors
l(cujd w1 W)
n 7 7 Y ) Y
for1 <j<d-—1.

These results have the following geometrical interpretation. Suppose that P
is an n-gon in R?. If we identify the points of R?* with complex numbers, we
can specify P by an n-tuple (z1,..., z,) of complex numbers (its vertices).
For example, the standard square corresponds to the 4-tuple (o, 1,1 + ,7).
An n x n matrix A can be regarded as acting on such polynomials by left
multiplication of the corresponding column matrix i.e. we define the polygon
Q = A(P) to be the one with vertices (i, ..., (, where

Cl 21
=4
Cn Zn

Consider the transformation with matrix

11 1 0 ... 1
1101 11 0

A==
m : .
11 ... 1.0 ... 1

discussed above. In this case, Q is the polygon whose vertices are the cen-
troids of the vertices Py, ..., P, resp. P, ..., P,1 and so on. This polygon
is called the m-descendant of P.

The results on the matrix A that we obtained above can now be expressed
geometrically as follows:

If m and n are relatively prime, then every polygon Q is the m-descendant
of a unique polygon P.

A more delicate investigation of the case where the greatest common
factor d of m and n is greater than 1 leads to a characterisation of those
polygons P which are m descendants (see the Exercises below).
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Exercises: 1) Show that the determinant of the circulant matrix circ (aq, . . ., ap—1)

is
—1n—1

Iy
where w is the primitive n-th root of unity.
2) A matrix A is called r-circulant if CA = AC" where C is the circulant
matrix of the text. Characterise such matrices directly and show that if A is
r-circulant and B s-circulant, then AB is rs-circulant.
3) Describe those matrices which are polynomial functions of the matrix
J,(0).
4) Suppose that the greatest common factor d of m and n is greater than 1.
Identify the kernel and the range of the matrix

11 ...10..0
1101 ... 11 0

A=—1|
m | .
11 ...10 ... 1

and use this to give a characterisation of those polygons which are m-descendants
resp. whose m-descendants are the trivial polygon with all vertices at the
origin.
5) Diagonalise the following circulant matrices:

e circ(a,a+h,...,a+ (n—1)h);

e circ(a,ah, ..., ah™1);

e circ(0,1,0,1,...,0,1).

6) Show that if A is a circulant matrix and x is a suitable function, then
z(A) is also a circulant.

73



3.6 The group inverse and the Drazin inverse

As a further application of the Jordan form we shall construct two special
types of generalised inverse for linear mappings (resp. matrices). These are
of some importance in certain applications. The method will be the same in
both cases. Firstly we construct the inverse for matrices in Jordan form and
then use this to deal with the general case. We begin with the group inverse.
A group inverse for an n X n matrix A is an n X n matrix S so that

ASA=A SAS =8

and A and S commute. As a simple example, suppose that A is the diagonal
matrix

diag (A1, ..., Ar, 0,...,0).

Then S = diag (A%’ ce )\%, 0,...,0) is obviously a group inverse for A. Hence
every diagonalisable matrix has a group inverse. (If {1 = P~'AP is diagonal
and S is a group inverse for A as above, then S = PSP~! is a group inverse
for A).

More generally, note that if the vector space has the splitting
V=f(V)®Kerf

then we can use this to define a generalised inverse g = P o f~! where P is
the projection onto f(V') along Ker f and f is the isomorphism induced by f
on f(V). In this case, g is easily seen to be a group inverse for f. Note that
from the analysis of section 3 of the present chapter, f has such a splitting
in the case where r(f) = r(f?). In terms of the Jordan form this means
that the block corresponding to the zero eigenvalues is the zero block i.e. the
Jordan form is

diag (J1 (A1), .-+, J-(M\),0,...,0)

where A1, ..., A\, are the non-zero eigenvalues. The group inverse is then
dlag <J1<)\1)71’ cey Jr<)\r)717 0, Cey 0)

In terms of the minimal polynomial, this means that the matrix has a group
inverse provided the latter has the form

ma(d) = Xy — AL (A — A

where € is either 0 or 1.
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The Drazin inverse A Drazin inverse for an n X n matrix A is an n X n
matrix S so that

e SAS=5;
e S and A commute;

e X € 0(A) if and only if AT € o(S) where AT = { for A # 0 and AT =0
for A = 0;

o AF1G — Ak for some positive integer k.

Suppose first that A is a Jordan block J,,(\). Then we define S to be J,,(A) ™
if A is non-zero and to be 0 if A = 0. Then S satisfies the above four condition

(with k = n if A = 0). We denote this S by AP. Now if A has Jordan form
diag (A1, As, ..., A,)
where each A4; is a Jordan block, we define A” to be the matrix
diag (AP, ... AP).

Once again, this satisfies the above four condition (this time with the integer
k the maximum of the orders (k;) of the individual blocks corresponding to
the zero eigenvalue).

For a general matrix A we choose an invertible P so that A = P~'AP
where A has Jordan form. Then we define AP to be P~YAPP. Of course,
AP is a Drazin inverse for A.

In terms of operators, the Drazin inverse can be described as follows:
suppose that f : V — V is a linear transformation. Then, as we have seen,
there is a smallest integer p at which the sequences

VofrWV)yosfAv)o...
and

Ker f C Ker (f?) C Ker(f?) C ...

become stationary. This integer is called the index of f and we have the
splitting
V= fP(V) @ Ker (f7).

f, restricted to fP(V'), is an isomorphism of this space onto itself. The
operator f” is that one which is obtained by composing the inverse of the
latter with the projection onto fP(V') along Ker (7).
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Exercises: 1) For f € L(V) we define A(f) = f(V)NKer f. Show that

o dim A(f) = r(f) —r(f?);

e Ker f C f(V) if and only if r(f) = r(f?) — n(f) where n(f) =
dim Ker f;

e f(V)=Ker f if and only if f2 =0 and n(f) = r(f);

o V= f(V)®Ker f if and only if ir(f) = r(f?).

2) Show that the Drazin inverse is uniquely determined i.e. that there is at
most one matrix S so that SAS = S, AS = SA and A*1S = AF for some
positive integer k.

3) Show that the group inverse is uniquely determined i.e. there is at most
one matrix S so that ASA= A, SAS =S and AS = SA.

4) Show that if f € L(V) has a Drazin inverse f?, then fP(V) = f(V),
Ker fP = Ker(f*) and ff? = fPf is the projection onto f(V) along Ker f*.
5) The following exercise shows how the existence of the Drazin inverse can
be deduced directly from the existence of the minimal polynomial, without
using the Jordan form. Suppose that m 4 has the form

tes apth + Rt

where ¢ is the lowest power of ¢ which occurs with non-vanishing coefficient
(we can suppose that k > 1). The equation m(A) = 0 can then be written
in the form

AF = AM'B

where B is a suitable polynomial in A. Show that A¥"B" = AF for each
r > 1 and deduce that S = A¥B*! satisfies the defining conditions for
the Drazin inverse. 6) Show that if A is an n x n matrix, then there is a
polynomial p so that AP = p(A).
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4 EUCLIDEAN AND HERMITIAN SPACES

4.1 Euclidean space

In chapter II we saw that a number of basic geometrical concepts could be
defined in terms of the scalar product. We now discuss such products in
higher dimensions where, in the spirit of chapter III, we use the axiomatic
approach. We shall prove higher dimensional versions of many of the results
of chapter II, culminating in the spectral theorem for self-adjoint operators.

Definition: A scalar product (or inner product) on a real vector space
V is a mapping from V x V — R, denoted as

(z,y) = (z]y)
so that

e the mapping is bilinear i.e.

(M z1+Nomo| iy +pays) = A (z1|y1) A1 g2 (1 |y2) F Ao pn (22| y1)+ Ao e (22 |ys)
for A1, Ao, p1, 2 € R, @1, 29,91, 92 € V;

e it is symmetric i.e. (z]y) = (y|z) (x,y € V);

e it is positive definite i.e. (z|x) > 0if x # 0.

Property (3) implies the following further property:
(4) if x € V is such that (x|y) = 0 for each y € V, then x = 0. (Choose

y = in (3)).

A euclidean vector space is a (real) vector space V together with a
scalar product.

Of course, a vector space can be provided with many distinct scalar prod-
ucts. This can be visualised in R? where a scalar product is given by a bilinear
form of the type

2
(z,y) — Z @ij&inj
0]

and the positive definiteness means exactly that the corresponding conic

section
2
Z ;&5 = 1
,J
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is an ellipse. Hence the choice of a scalar product in R? is just the choice of
an ellipse with centre 0.
The standard euclidean space is R" with the scalar product

(z]y) = Zfﬂh-

Another example is the space Pol (n) with the scalar product

(plg) = /O 1 p(t)q(t) dt.

The latter is a subspace of the infinite dimensional space C([0, 1]) with scalar
product

(2ly) = / £(t)y(t) dt.

Using the scalar product we can define the length (or norm) of a vector
x—written ||z||. It is defined by the formula

2]l = v/ (z]2).

We then define the distance between two points z,y in V' to be ||z — y/|,
the length of their difference. As in R? and R? there is a close connection
between the concepts of norm and scalar product. Of course, the norm is
defined in terms of the latter. On the other hand, the scalar product can be
expressed in terms of the norm as follows:

lz+yl* = (z+ylz +y) = (z]x) + 2(z|y) + (yly)

and so 1
(z]y) = §(||$ +yl? =zl = [ly]l*).

As in R? the norm and scalar product satisfy the Cauchy-Schwartz in-
equality:
[l < l=llllyll (z,y €V).

This is named after the discoverers of the classical case

1 1
Smt A+ < (4 + &)+ +l)2
To prove the general inequality, we consider the quadratic function

T (2 +tyloe +ty) = Cllyl* + 2t(2ly) + [l
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which is non-negative by the positive-definiteness of the product. Hence its
discriminant is less than or equal to zero i.e. 4(z|y)? —4(||z[]?*|ly||*) < 0 which
reduces to the required inequality. (Note that the same proof shows that the
Cauchy-Schwarz inequality is strict i.e. |(z|y)| < ||z||||y|| unless x and y are
proportional. For the above quadratic is strictly positive if x and y are not
proportional and then the discriminant must be negative).

From this we can deduce the triangle inequality

Iz +yll < llzll + vl

For

e+ ylI* = (z + ylz +y)
= [z + 2(zly) + [ly|I?
< ll* + 2f| =yl + [ly)?
= (=l + llyl)?.

From the Cauchy-Schwarz inequality we see that if x and y are non-zero then
the quotient
(zly)
[yl

lies between —1 and 1. Hence there is a unique 6 € [0, 7] so that

(z]y)
=yl

cosf =

0 is called the angle between x and y.

We can also define the concept of orthogonality or perpendicularity: two
vectors are perpendicular (written x L y if (z|y) = 0.

As in R? and R? we use this notion to define a special class of bases:

Definition: An orthogonal basis in V' is a sequence (z1, ..., xz,) of non-
zero vectors so that (x;]x;) = 0 for ¢ # j. If, in addition, each vector has
unit length, then the system is orthonormal.

An orthogonal system is automatically linearly independent. For if

)\1.1’1 -+ )\mxm = 0,

then

and so \; = 0 for each 1.

79



Hence an orthonormal system (z1, ..., x,) with n elements in an n-dimensional
space is a basis and such bases are called orthonormal bases. The classical
example is the canonical basis (eq,...,e,) for R"™.

One advantage of an orthonormal basis is the fact that the coefficient of
a vector with respect to the basis can be calculated simply by taking scalar
products. In fact x = Y, (x|xy)z,. (This is sometimes called the Fourier
series of x). This is proved by a calculation similar to the one above. Also if

T = Z?H Air; and y = EZ=1 [T, then

(@ly) = O Niwil D e = Y Napwlwilan) = > N
i=1 K1 i=1

ik=1

and, in particular, ||z|| = /A + - -+ + A2. Thus the scalar product and norm
can be calculated from the coordinates with respect to an orthonormal basis
exactly as we calculate them in R".

Every euclidean space has an orthonormal basis and to prove this we use
a construction which has a natural geometrical background and which we
have already used in dimensions 2 and 3.

Proposition 20 If V' is an n-dimensional euclidean space, then V has an
orthonormal basis (z1,...,T,).

Proor. We construct the basis recursively. For x; we take any unit vector.
If we have constructed z, ..., z, we construct z,,, as follows. We take any
z which does not lie in the span of zy,...,z, (of course, if there is no such
element we have already constructed a basis). Then define

T

Tpy1 =2 — Z(Z\SU@)SU@

i=1

Z,41 is non-zero and is perpendicular to each z; (1 <i < r). Hence if we put

jf‘r+1
Tryl = 727
e
then (z,,...,2,41) is an orthonormal system.

The proof actually yields the following result:

Proposition 21 FEvery orthonormal system (x1,...,x.) in V can be ez-
tended to an orthonormal basis i.e. there exist elements x,,1,...,x, so that
(x1,...,x,) is an orthonormal basis for V.
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The standard way to construct an orthonormal basis is called the Gram-
Schmid process and consists in applying the above method in connection

with a given basis (yi,...,yn), using y; for x; and, at the r-th step using
yr41 for z. This produces an orthonormal basis zy, ..., x, of the form
T = by

Ty = ba1y1 + by

where the diagonal elements b;; are non-zero. If we apply this method to the
case where the space is R" (identified with the space of row vectors) and the

basis (Y1, .., Yyn) consists of the rows of an invertible n x n matrix A, we
obtain a lower triangular matrix
bll 0 e 0
bgl b22 e 0
B=| . .
bpi bne ... bun

and a matrix ) whose rows form an orthonormal basis for R" (such matrices
are called orthonormal) so that Q = BA. Since B is invertible and its
inverse L is also a lower triangular matrix, we obtain the following result on
matrices:

Proposition 22 Any n x n invertible matriz A has a representation of the
form A = LQ where QQ is an orthonormal matriz and L is lower triangular.

We can use this fact to prove a famous inequality for the determinant of
the n X n matrix. We have

[det A < TTY fay):

J

(i.e. the determinant is bounded by the product of the euclidean norms of
the columns. This is known as Hadamard’s inequality).
PROOF. We can write the above equation as L = AQ!. Hence

1 1
liy = Z a;jQij < (Z a?j)Q (Z qt‘Qj)Q
J J J
the last step using the Cauchy-Schwarz inequality. Hence (since ) _; qu =1),

1/2
[det A] = |det LU| = |det | = [T 1l < ] (Z a%)
7 7 J
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(We have used the fact that if the matrix U is orthonormal, then its deter-
minant is +1. This follows as in the 2-dimensional case from the equation
U'U = I—see below).

In the context of euclidean space, those linear mapping which preserve
distance (i.e. are such that || f(x)| = ||z|| for x € V') are of particular interest.
As in the two and three dimensional cases, we can make the following simple
remarks (note that we only consider linear isometries):

L. If f is an isometry, then f preserves scalar productsi.e. (f(x)|f(y)) = (x|y)
(x,y € V). For

(f(@)|f () = %(Hf(x +)I7 = I @I = 1))

1
= (e +yl” = ll* = llyll*)
= (zly).

On the other hand, this property implies that f is an isometry. (Take x = y).
IT. An isometry from V into V; is automatically injective and so is surjective
if and only if dim V' = dim V;. In particular, any isometry of V' into itself is
a bijection.

ITI. An isometry maps orthonormal systems onto orthonormal systems. In
particular, if dim V' = dim Vj, then f maps orthonormal bases onto orthonor-
mal bases. On the other hand, if f maps one orthonormal basis (x1,...,z,)
onto an orthonormal system (yi,...,y,) in V;, then f is an isometry. For if

T =Y, My, then f(z) =), My and so

If @)1 =DA% = Il
k

IV. By this criterium, if A is an n X n matrix, then since f, maps the
canonical basis for R" onto the columns of A, we see that f4 is an isometry
if and only if the columns of A form an orthonormal basis. This can be
conveniently expressed in the equation A’- A = I (or equivalently, A® = A~!
or A- A" = I). Matrices with this property are called orthonormal as we
noted above.

Typical isometries in R" are reflections i.e. operators with matrices of
the form

1 00 0 O
10 0 O

000 . 1 0

1000 -1 ]

82



with respect to some orthonormal basis and rotations i.e. those with ma-
trices of the form

1 0 0 . 0 0

010 . 0 0

0 00 ... cosf —sinf
_O 00 sinf) cos@ |

with respect to some orthonormal basis.

Example: Show that the mapping
(A|B) = tr (AB")

is a scalar product on M,,.
Solution: The bilinearity and symmetry:
(AL + As|B) = tr((A; + Ay)BY)
=tr (A, B' + Ay BY)
= tr(A,B") + tr (A, BY)
= (A1‘B) + (A2|B).

(A|B) = tr (AB")
= tr(AB")
= tr(BA")
= (B|A).

Positive definiteness:

(AJA) = tr (AA") =) "af; >0
i,

for A # 0.
We remark that the basis (e;; : 4,7 = 1,...,n) is then orthonormal where
e;j is the matrix with a 1 in the (4, j)-th position and zeroes elsewhere.
Example: Show that the mapping
(zly) = 4&m — 2&m2 — 286m + 3&n:
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is a scalar product on R?.
Solution: The matrix of the quadratic form is

-

with eigenvalues the roots of A2 — 7\ + 8 which are positive.
We calculate an orthonormal basis with respect to this scalar product by
applying the Gram-Schmidt process to x; = (1,0), xo = (0,1). This gives

X1 . 1 .

€1 = ||l‘1|| - (270)7

v = (0,1) = (0.DI(5,0)(5,0) = 5. 1)
1

€y = ﬁ<271)

Example: Construct an orthonormal basis for Pol (2) with scalar product

vl = | p(t)a(t) dt

by applying the Gram-Schmidt method to (1,¢,¢?).
Solution:

() = V12(t — %),

Bo(t) = 12 — (|wo) o (t) — (|z1)a1 (2)
=t*—t+ %;

zo(t) = 6V5(1* —t + %).

We calculate the Fourier series of 1 4 t + ¢? with respect to this basis. We
have
1
11
A1 :/ P +t+1)dt = —
0 6

1
V3
A —6\/5/1(t2+t+1)(t2 t+1)dt— L
- 0 6 6v5

Azz@/l(t2+t+l)(t—%)dt:
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and so i ] ]
Pt l=—420t— )+ —t+ ).

6 2 6
Example If (eq,...,e,) is an orthonormal basis for V and z1,...,x, € V,
then
2
(z1ler) ... (x1]en) (x1|x1) .. (x1]mp)
det : : = det :
(Tnler) .. (xnlen) (Tp|z1) oo (xn|Tn)

(And hence the right hand side is non-negative and vanishes if and only if
the x; are linearly dependent).
Solution: This follows from the equalities

n

(wilz) =Y (wiler) (x;]ex)

k=1

which can be written in the matrix form

(z1ler) ... (x1len) (r1ler) ... (x1len) (xi|x1) ... (x1|xn)
@ale) oo (@alen) | | @aler) oo (@alen) (@alz) . (zalza)

Exercises: 1)

e Apply the Gram-Schmidt process to obtain an orthonormal system
from the following sets:

(1,0,1),(2,1,-1),(~1,1,0) in R?
(1,2,1,2),(1,1,1,0),(2,1,0,1) in R*
e Calculate the orthogonal projection of (1,3,—-2) on [(2,1,3),(2,0,5)].

2) Show that if the a; are positive, then

n n 1

>a)y o)z

=1 i+1
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3) If z1,...,z,, are points in R", then the set of points which are equidistant
from xzq,...,x,, is an affine subspace which is of dimension n — m if the z;
are affinely independent.

4) Let (xo, ..., z,) be affinely independent points in R™. Then there is exactly
one hypersphere through these points and its equation is

X X X
det ,0 ! . =0
(.To‘.l’()) (.Tl‘.l’l) Ce (ZL’|LIZ‘)

where X is the column vector corresponding to x etc.

5) Suppose that ay,...,a,, b1, ..., b, are positive numbers. Show that either
Lyyn>
—_— .. —_— n
by bn
or
by bn
a1 Qp,
6) Show that a sequence (x1,...,x,) in a euclidean space V' is an orthogonal

basis if an only if for each z € V,

n
lz)* =) ()
i=1

7) Calculate an orthonormal basis of polynomials for Pol(3) by applying
the Gram-Schmidt process to the basis (1,¢,¢%,¢3) with respect to the scalar
product

W) = [ poaoe d
0
8) Let p,, be the polynomial

dn
—(t* = 1)",

Show that .
/ t*p,(t)dt =0 (k< n)
-1

and hence that the system (p,) is orthogonal for the corresponding scalar
product. (This shows that the system (p,) is, up to norming factors, the
sequence obtained by applying the Gram-Schmidt process to the sequence
(t™). These functions are called the Legendre polynomials).
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9) Approximate sinz by a polynomial of degree 3 using the orthonormal
basis of the last exercise. Use this to check the accuracy by calculating an
approximate value of sin 1. 10) Show that for an n x n matrix A the following
inequality holds:

¢ 1
Z a?j > ﬁ(trA)Q.
ij=1
For which matrices do we have equality?
11) Show that if (&) and (7;) are vectors in R", then

Qo ) = &m)’ = > (Emy—&m)’.

1<i<j<n

(This is a quantitative version of the Cauchy-Schwarz equations).

12) Consider the euclidean space M,, with the scalar product discussed in the
example abovje. If A is an n X n matrix one can apply the Gram-Schmidt
process to the sequence I, A, Ay, A3,.... This will stop at the smallest k
so that A* is a linear combination of the earlier. This provides a specific
description of the minimal polynomial of A. The reader is invited to fill in
the details.

13) Let (z1,...,z%) be a linearly independent set in the euclidean space V.
Show that if x € V, then its orthogonal projection xy onto the linear span of
the above vectors is given by the formula

k
To = Z Arxr
r+1
det G;
where \; = deth' Here G is the matrix [g;;] where g;; = (z;|z;) and G; is
e

the matrix obtained from G by replacing the j-th column by 77
14) Show that if xy,...,x, is a basis for the euclidean space V, then the
Gram-Schmidt process, applied to this basis, leads to the system (y;) where

Y = (d—1dy) 2D

where d, = det G (G as in 13)) and

(xi|lx1) ... (z1]T0)
D,, = det : :
(Tp_1|z1) oo (Tpoql|xn)
al . Tn

87



(The last expression is to be understood as the linear combination of the z’s
obtained by formally expanding the “determinant” along the last row).
15) Use Hadamard’s inequality to show that

|det A < K™ -n>

where A is an n x n matrix and K = max; ; |a;;].
16) Show that

o 1
min/ e (14 ayt +...apt")? dt = :
0 n+1

1 ) 1
min l4+at+---+a,t") dt = ——
fy o P Gy

where the minima are each taken over the possible choices of the coefficients
A1y...,0n.
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4.2 Orthogonal decompositions

In our discussion of vector spaces we saw that each subspace has a com-
plementary subspace which determines a splitting of the original space. In
general this complementary subspace is not unique but, as we shall now see,
the structure of a euclidean space allows us to choose a unique one in a
natural way.

Definition: If V] is a subspace of the euclidean space V', then the set
Vir={reV:(zly)=0 foreach yeVi}

of vectors which are orthogonal to each vector in V; forms a subspace of V'
called the orthogonal complement of V.

Proposition 23 V| and V- are complementary subspaces. More precisely,
if (x1,...,x,) is an orthonormal basis for V' so that Vi = [x1,...,x,], then
Vit = [2r41, ..., 2. Hence V=V, ® V>
Proor. It suffices to check that y = Z?H A;z; is orthogonal to each x;
(1 = 1,...,r) and so to V; if and only if A —4¢ = 0 for ¢ = 1,...,r ie.
(VRS [xr+1, R ,.I‘n].

We shall write V =V L V; to denote the fact that V = V; @ V5 and
Vi L Vs

Ifv =V, L V,and (x,...,x,) is an orthonormal basis with V; =

[x1,...,2,], then
T

Py, (z) = (x|z;)z;

r=1

is the projection of x onto V; along Vi=. It is called the orthogonal pro-
jection of x onto V; and has the following important geometric property:
Py, () is the nearest point to = in V] i.e.

|z = Py (@)[| < llz—zl| (2 € V1,2 # Py ().
For if z € Vi, we have
lz = 2[1* = |z = Py (2)|* + [| Pra () — 2]
since x — Py, (z) L Py, (2).

The point © — 2Py, () is then the mirror image (or reflection) of x in
V. The linear mapping Id — 2Py, is called a reflection.
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In the same way we define an orthogonal decomposition
V=VLl---1LV.

This means that V=V & ---@V,and V; L V; (ie. z Lyifx eV, yeV))
when 7 # j.
Then if P; is the orthogonal projection onto V;,

e P+ .-+ P, =1d;

Such a sequence of projections is called a partition of unity.

Orthogonal splittings of the space are obtained by partitioning an or-
thonormal basis (x1,...,2,) i.e. we define V; to be [z} .., Tg,—1] where
l=ky<ki1<---<k.=n+1.

On the other hand, if we have such a splitting V; L --- L V., then we
can construct an orthonormal basis for V' by combining orthonormal bases
for the components Vi, ..., V,.

i—17°

Exercise: 1) Consider the space M, with the scalar product
(A|B) = tr (B'A).

Show that M, is the orthogonal direct sum of the symmetric and the anti-
symmetric matrices.
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4.3 Self-ajdoint mappings— the spectral theorem

One of the most important consequences of the existence of a scalar product
is that the fact that it induces a certain symmetry on the linear operators
on the space. If f : V — V] we say that g : V} — V is ajdoint to f if
(f(x)|y) = (z|g(y)) for z € V and y € V;. We shall presently see that such
a ¢ always exists. Furthermore it is unique. The general construction is
illustrated by the following two examples:

I. Consider the mapping f : R* — R? defined by the matrix

ai; Q12
azy ap |’
A simple calculation shows that

(f(@)|y) = an&aim + a12€am + aa1&ime + agaéans.

If g is the mapping with matrix A?, then analogously

(z|g(y)) = arimé& + agmeéy + arama + aneés

and both are equal.

II. Now consider the mapping f : R" — R™ defined by the matrix A = [a;;].
We know that a;; is the i-th coordinate of f(e;) i.e. that a;; = (f(e;)|e;) (ve-
member the method of calculating coordinates with respect to an orthonor-
mal basis). Hence if a mapping g : R™ — R" exists which is adjoint to f,
then

aij = (f(ej)le:) = (e;]g(e:))
and by the same reasoning the latter is the (j,4)-th entry of g. In other
words the only possible choice for g is the mapping with matrix B = A’. A
simple calculation shows that this mapping does in fact satisfy the required
conditions. Since these considerations are perfectly general, we state and
prove them in the form of the following Proposition:

Proposition 24 If f : V — Vi is a linear mapping there is exactly one
linear mapping g : Vi — V which is adjoint to f. If f has matriz A with
respect to orthonormal bases (x;) resp. (y;) then g is the mapping with matriz
A" with respect to (y;) and (z;).
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PRrROOF. Suppose that z € V and y € V;. Then

(f(@)]y)) = (f( Z wlzs)as)| Y (ylye)ye)

n

Z Z% (@|2;)y| Z (ylyr)yx)

i—1

.

e
My

=1
Z () (ylye) (9ilye)

M-

@
Il
—_
<.
Il
—

aij (x]z;) (y|ys)-

Similarly, we have

m n

(@lg(y) = > > as(ela;)(yly:)

i=1 j=1

if g is the operator with matrix as in the formulation and so

(f(@)[y) = (z[g(y))

i.e. g is adjoint to f.
Naturally, we shall denote g by f! and note the following simple properties:

o (f+9) ="+
(Af )—Aft

o (f9)'=
(f)" =

e an operator f is an isometry if and only if f¢f = Id. In particular, if
V =V, this means that f! = f~1.

We prove the last statement. We have seen that f is an isometry if and only
if (f(z)|f(y)) = (z]y) for each x,y and this can be restated in the form

(f f(@)ly) = (z]y)

ie. ftf =
A mapping f: V — V is said to be self-adjoint if f! = f i.e.

(f(@)ly) = (z]f(y))
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for z;y € V. This is equivalent to f being represented by a symmetric A
with respect to an orthonormal basis. In particular, this will be the case if
f is represented by a diagonal matrix. The most important result of this
chapter is the following which states that the converse is true:

Proposition 25 Let f : 'V — V be self-adjoint. Then V possesses an or-
thonormal basis consisting of eigenvectors of f. With respect to this basis, f
is represented by the diagonal matriz diag(Ay, ..., \,) where the \; are the
eigenvalues of f.

In terms of matrices this can be stated in the following form:

Proposition 26 Let A be a symmetric n X n matriz. Then there exists an
orthonormal matrix U and real numbers Ay, ..., \, so that

U'AU = U AU = diag (M1, ..., Mn).

In particular, a symmetric matriz is diagonalisable and its characteristic poly-
nomaial has n real roots.

This follows immediately from the above Proposition, since the transfer ma-
trix between orthonormal bases is orthonormal.

Before proceeding with the proof we recall that we have essentially proved
this result in the two dimensional case in our treatment of conic sections in
Chapter II.

One of the consequences of the result is the fact that every symmetric
matrix A has at least one eigenvalue. Indeed this is the essential part of
the proof as we shall see and before proving this we reconsider the two di-
aip @12

induces the quadratic
iz a2

mensional case. The symmetric matrix [

form
¢1(x) = (fa(z)|z)

and so define the conic section

Q) = {z:¢u(x) =1}.

If we compare this to the form ¢o(x) = (z|x) which defines the unit circles
Q, = {z : ¢o(z) = 1} and consider the case where Q, is an ellipse, then we
see that the eigenvectors of A are just the major and minor axes of the ellipse
1 ()
P2()

is extremal. Hence we can reduce the search for eigenvalues to one for the
extremal value of a suitable functional, a problem which we can solve with

and these can be characterised as those directions x for which the ratio
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the help of elementary calculus. This simple idea will allow us to prove the
following result which is the core of the proof. We use the Proposition that
a continuous function on a closed, bounded subset of R" is bounded and
attains its supremum.

Proposition 27 Lemma Let f : V — V be self-adjoint. Then there exists
an v € V with ||z = 1 and A € R so that f(x) = Az (i.e. f has an
eigenvalue).

PROOF. We first consider the case where V' = R" with the natural scalar
product. Then f is defined by an n x n symmetric matrix A. Consider the
function

(f(z)|z)

¢
(z]z)

¢(x) for X # 0. There exists an 27 € V so

¢(x) for x € V with ||z|| = 1. Hence, by the

1T

on V \ {0}. Then ¢(A\zx) =
that ||z1]] = 1 and ¢(z1) >
homogeneity,

¢(z1) = ¢(z) (x €V \{0}).
We show that x; is an eigenvector with f(z1) = Ajxq where A\ = ¢(z1) =
(f(x1)|x1). To do this choose y # 0 in V. The function

vt — ¢z + ty)

has a minimum for ¢ = 0. We show that ¢/(z) exists and its value is
2(z|f(x1)) — 2(y|z1)A\1. Hence this must vanish for each y i.e.

(ylf(21) — \ap) = 0.

Since this holds for each y, f(x;) = Mzy. To calculate the derivative of v

we compute the limit as ¢ tends to zero of the difference quotient
1 1
T (W) = 9(0)) = 2 (e(a1 +ty) — d(21)).

But this is the limit of the expression

}[(xllfvl)[(f(ﬂflﬂxl) +2t(f(x1)ly) + (fW)y)] = (f (@)]z)[(@i]z1) + 2t(21]y) + P (yly)]
(21 + tylzy + ty) (21 |21)

]

t

which is easily seen to be

2(y|f (1)) = 2(y[a1) A1

In order to prove the general case (i.e. where f is an operator on an
abstract euclidean space), we consider an orthonormal basis (zy, ..., x,) for
V and let A be the matrix of f with respect to this basis. Then A has an
eigenvalue and of course this means that f also has one.

We can now continue to the proof of the main result:
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Proor. The proof is an induction argument on the dimension of V. For
dim V' = 1, the result is trivial (all 1 x 1 matrices are diagonal!) The step
n—1 — n: By the Lemma, there exists an eigenvector z; with ||x1|| = 1 and
eigenvalue \;. Put V; = {z;}* = {z € V : (z|z,) = 0}. Then V; is (n — 1)-
dimensional and f(V;) C Vj since if z € Vi, then (f(z)|x1) = (z|f(x1)) =
(x|A\1z1) = 0 and so f(z) € Vi. Hence by the induction hypothesis there
exists an orthonormal basis (s, . . ., x,) consisting of eigenvectors for f. Then
(x1,...,x,) is the required orthonormal basis for V.

The above proof implies the following useful characterisation of the largest
resp. smallest eigenvalue of f;

Corollar 3 Let f : V — V be a self-adjoint linear mapping with eigenvalues
A, ..oy A, numbered so that Ay < --- < \,. Then

A1 = min{¢p(x) : x € V\ {0}}
An = max{¢(z) : z € V \ {0}}.

This can be generalised to the following so-called minimax characterisation
of the k-th eigenvalue:

Ay = minmax{(f(z)[z) : # € VA {0}, (z[yr) = --- = (z]y,) = 0}

the minimum being taken over all finite sequences ¥, ..., ¥, of unit vectors
where r =n — k.

We remark here that it follows from the proofs of the above results that if
f is such that (f(z)|z) > 0 for each x in V, then its eigenvalues are all non-
negative (and they are positive if (f(z)|x) > 0 for non-zero z). Such f are
called positive semi-definite resp. positive definite and will be examined
in some detail below. It follows form the above minimax description of the
eigenvalues that

A(f+9) = Ae(f)

whenever f is self-adjoint and g is positive semi-definite (with strict inequality
when g is positive definite). As we have seen, a symmetric operator is always

diagonalisable. Using this fact, we can prove the following weaker result for
arbitrary linear operators between euclidean spaces.

Proposition 28 Let f : V — Vi be a linear mapping. Then there exist or-
thonormal bases (1, ..., x,) for V and (yi,...,ym) for Vi so that the matriz
of [ with respect to these bases has the form

A 0

0 0
where Ay = diag(p1, ..., 1), v s the rank of f and pq, ..., p, are positive
scalars.
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The corresponding result for matrices is the following:

Proposition 29 If A is an m x n matriz then there exist orthonormal ma-
trices Uy and Us so that Uy AUy has the above form.

Proor. We prove the operator form of the result. Note that the mapping
ftf on V is self-adjoint since (f'f)t = f'f"* = f'f. We can thus choose
an orthonormal basis (z;) consisting of eigenvectors for f'f. If \; is the
corresponding eigenvalue we can number the x; so that the first r eigenvalues
are non-zero but the following ones all vanish. Then each \; is positive

(i=1,....r) and ||f(z:)]| = v/ For
Ai = Ni(wiles) = (Nawilas) = (fF f(@a)|s) = (f ()| f () > 0.
Also if i # j then f(z;) and f(z;) are perpendicular since
(f (@)l (7)) = (f* f i) |2;) = Ni(ilz;) = 0.

Hence if we put

LY R (£
/Al Y Y T /)\T‘
then (yi,...,y,) is an orthonormal system in V;. We extend it to an or-

thonormal basis (yi,...,¥yn) for V;. The matrix of f with respect to these
bases clearly has the desired form.

The proof shows that the p; are the square roots of the eigenvalues of f*f
and so are uniquely determined by f. They are call the singular values of

£l

Example: Let V' be a euclidean space with a basis (z;) which is not as-
sumed to be orthonormal. Show that if f € L(V') has matrix A with re-
spect to this basis, then f is self-adjoint if and only if A'‘G = GA where

G = [(wilz;)]i;-
Solution: f is self-adjoint if and only if

SO Nl Y yy) = O il FO - myry))))
=1 Jj=1 i=1 j=1
for all choices of scalars Ai, ..., A\, ft1, - .., i, and this holds if and only if

(f(zo)la;) = (il f(z5))

for each ¢ and j. Substituting the values of f(z;) and f(x;) one gets the
required equation A'G = GA.
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Exercises: 1) Calculate the adjoints of the following operators:

b (gla §27 §3) — (gl + §2 + 53751 + 252 + 2&3, §1 — 252 — 253) (OH R3 with

the usual scalar product);
e the differentiation operator D on Pol (n);
e p— (t+—tp(t)) from Pol (n) into Pol (n + 1).
2) Show that if f € L(V), then
Ker f'= (V)" f(V) = (Ker )

3) Show that for every self-adjoint operator f there are orthogonal projections
Py, ..., P, and real scalars A\{,..., A, so that

o PP =0ifi#j;
e P +---+ P =1d;
[ J f:)\1P1++)\7"P7’

Calculate the P; explicitly for the operator on R? with matrix

o = O

1
0
1

O = O

4) Show that an operator f is an orthogonal projection if and only if f? = f
and f is self-adjoint. Let f be a self-adjoint operator so that f™ = f" for
distinct positive integers m and n. Show that f is an orthogonal projection.
5) Show that if f is an invertible, self-adjoint operator, then A is an eigenvalue
of f if and only if } is an eigenvalue of f~'. Show that f and f~' have the
same eigenvectors.
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4.4 Conic sections

As mentioned above, the theory of conic sections in the plane was the main
source of the ideas which lie behind the spectral theorem. We now indicate
briefly how the latter can be used to give a complete classification of higher
dimensional conic sections. The latter are defined as follows:

Definition: A conic section in a euclidean space V is a set of the form
Q={zeV:(f(x)|x)+2(bx) + c=0}

where b € V', ¢ € R and f is a self-adjoint operator on V. In order to simplify
the analysis we assume that the conic section is central i.e. has a point of
central symmetry (for example, in R? an ellipse is central whereas a parabola
is not). If we then take this point to be the origin, it follows that x € Q if
and only if —x € Q. Analytically this means that b = 0 i.e. A has the form

{z e V;(f(x)|x)+c=0}.

Proposition 30 If Q is a conic section of the above form, then there is an
orthonormal basis (x1,...,x,) for V and real numbers A1, ..., \, so that

Q={r=&a1+ ... Ern  ME+ .. NE +c =0}

This result can be restated as follows: let f be the isometry from V into R"

which maps (z:1,...,x,) onto the canonical basis (ey, ..., e,). Then

fQ) =16, &) ER" MG + -+ NG + =0}
Proor. Choose for (z1,...,x,) an orthonormal basis for V' so that f(z;) =
Aiz;. Then

(f(@)lz) = M&T + -+ + Xy

if v =&x1+...6x,.
As an application, we classify the central conics in R®. Up to an isometry
they have the form

{(gla §2a §3) : )‘1&“% + >‘2€22 + )\3€§ +c= 0}

By distinguishing the various possibilities for the signs of the \’s, we obtain
the following types: A1, A9, A3 all positive. Then we can reduce to the form

& & &
?+b_2+§+d20
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and this is an ellipsoid for d < 0, a point for d = 0 and the empty set for d > 0.
A1, Ao, Az all negative. This can be reduced to the first case by multiplying
by —1. A1, Ao positive, A3 negative. Then we can write the equation in the

form 5 @ e
1 2 3
2+ [ Fd=0.
(the cases A1, A3 > 0, < O resp. A, A3 > 0, A\; < 0 can be reduced to the
above by permuting the unknowns). The above equation represents a circular
cone (d = 0) or a one-sheeted or two sheeted hyperboloid (depending on the
sign of d). The cases where at least one of the \’s vanishes can be reduced

to the two-dimensional case.

Exercises: 1) Show that each non-central conic
{z € R*: (f(2)]z) +2(glz) + c = 0}

where b # 0 is isometric to one of the following:

{x:£—1+§—2—2§3+d:0}
{x:%—i—;—Qngrd:O}

{x:& — 229 +d =0}

and discuss their geometrical forms.
2) If
& & . &8
Q={reR’: 2+ 2+ =1}
is an ellipsoid with a < b < ¢ show that the number of planes through 0
which cut Q in a circle is 1 (if a = b or b = ¢ but a # ¢), 2 (if a,b, c are
distinct) or infinite (if @ = b = ¢). 3) Diagonalise the quadratic form

on R".
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4.5 Hermitian spaces

For several reasons, it is useful to reconsider the theory developed in this
chapter in the context of complex vector space. Amongst other advantages
this will allow us to give a purely algebraic proof of the central result—the
diagonalisation of symmetric matrices. This is because the existence of an
eigenvalue in the complex case follows automatically from the fundamental
theorem of algebra.

We begin by introducing the concept of a hermitian vector space i.e.
a vector space V over C with a mapping

(]):VxV—=C
so that
o (\z+yl|z) = Az|2) + (y|2) (linearity in the first variable);

e (z|z) >0 and (z|x) = 0 if and only if x = 0;

o (zly) = (ylz) (z,y € V).

Examples: All the examples of euclidean spaces can be “complexified” in
the natural and obvious ways. Thus we have: a) the standard scalar product

on C";

b) the scalar product
1
wio) = [ st at
0

on the space Polg(n) of polynomials with complex coefficients. Note the
rather unexpected appearance of the complex conjugation in condition 2)
above. This means that the scalar product is no longer bilinear and is used
in order to ensure that condition 1) can hold. However, the product is
sesqui-linear (from the classical Greek for one and a half) i.e. satisfies the

condition . . .
O il Y ) = Y At (ily;).
i=1 j=1 ij=1
All of the concepts which we have introduced for euclidean spaces can be
employed, with suitable changes usually necessitated by the sesquilinearity
of the scalar product, for hermitian spaces. We shall review them briefly: The
length of a vector z is ||z|| = /(x|z). Once again we have the inequality

()l < [lzllllyll - (z,y € V).
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(Since there is a slight twist in the argument we give the proof. Firstly we
have (for each t € R),

0 < (2 +tylo +ty) = ||l2]]* + 2tR(zly) + £yl
and, as in the real case, this gives the inequality

R(zly) < llzlllyll

Now there is a complex number A with |A| = 1 and A(z|y) > 0. If we apply
the above inequality with x replaced by Ax we get

|(z[y)] = [(Azly)] = Alzly) = RA(2ly) = R(Azly) < [Azllllyl] = ll=[[[[y]-

Using this inequality, one proves just as before that the distance function
satisfies the triangle inequality i.e.

Iz +yll < =]l + llyll

For reasons that we hope will be obvious we do not attempt to define the
angle between two vectors in hermitian space but the concept of orthogonality
continues to play a central role. Thus we say that x and y are perpendicular
if (z|ly) = 0 (written L y). Then we can define orthonormal systems and
bases as before and the Gram-Schmidt method can be used to show that every
hermitian space V' has an orthonormal basis (z1,...,z,) and the mapping

()\1,)\2,...,)\,1) — )\1.’,171—|—+)\n37n
is an isometry from C" onto V i.e. we have the formulae

(xly) = M+ -+ + Aufin
]1* = I\ + - A

ifr=Mei+- -+ \Xp, Yy =11 + ... Ty

Exercises: 1) Let f be the linear mapping on the two dimensional space

C? with matrix A = { a b
c d

norm there and so a norm for operators. Show that the norm of the above
operator is given by the formula

Then the scalar product on C? defines a

171 = (02 + /[0 — AT det AF).
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(Calculate the singular values of A).
2) Show that if H is a hermitian matrix of the form A +iB where A and B
are real and A is non-singular, then we have the formula

(det H)? = (det A)*det(] + A"'BA™'B).

3) Show that if U is a complex n X n matrix of the form P + i@ where P and
Q) are real, then U is unitary (i.e. such that U*U = I) if and only if P'Q is
symmetric and P'P + Q'Q = I.
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4.6 The spectral theorem—complex version

If f e L(V,V}) there is exactly one mapping ¢g : Vi — V so that
(f(2)ly) = (zlg(y)) (zeVyeW).

We denote this mapping by f*. The proof is exactly the same as for the real
case, except that we use the formula

ai; = (f(z)lyi) = (x]9(y;)) = (9(vi)|z;)

for the elements of the matrix A of f with respect to the orthonormal bases
(x1,...,x,) resp. (Y1, ..., Ym) to show that the matrix of f* is A*, the n x m
matrix obtained from A by taking the complex conjugates of elements and
then transposing.

The linear mapping f on V is hermitian if f* = f ie. if (f(z)ly) =
(z|f(y)) (z,y € V). This means that the matrix A of f with respect to
an orthonormal basis satisfies the condition A = A* (i.e. a;; = @;; for each
i,7). Such matrices are also called hermitian. f : V — V] is unitary
if (f(x)|f(y)) = (z|y) (x,y € V). This is equivalent to the condition that
f*f = 1d. Hence the matrix U of f (with respect to orthonormal bases) must
satisfy the condition U*U = I (i.e. the columns of U are an orthonormal
system in C"). If dimV = dim Vj (= n say), then U is an n x n matrix and
the above condition is equivalent to the equation U* = U~!. Such matrices
are called unitary.

We now proceed to give a purely algebraic proof of the so-called spectral
theorem for hermitian operators. We begin with some preliminary results on
eigenvalues and eigenvectors:

Lemma 1 If f € L(V) with eigenvalue \, then
e )\ is real if f is hermitian;
o |\ =114f f is unitary.

PROOF. 1) if the non-zero element x is a corresponding eigenvector, then we
have

(f(@)[z) = (Az[z) = Az[z)
and
((f(@)|z) = (2] f(2)) = (z]Az) = A(a|x)
and so A = ). 2) Here we have
(zlz) = (f(@)]f(z)) = Az|rz) = [AP(z]2)
and so || \|* = 1.
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Proposition 31 Lemma If Ay, Ay are distinct eigenvalues of the hermitian
mapping f with corresponding eigenvectors xy,xs, then x1 L x5.

PrROOF. We have (f(x1)|z2) = (21| f(22)) and so

(A1zq]xe) = (1] Aox2) ie. (A — A2)(z1]x2) = 0.
(Recall that Ay = Ay by the Lemma above). Hence (z]zs) = 0.
Proposition 32 Lemma If f € L(V), then Kerf = Ker(f*f).

PrROOF. Clearly Ker f C Ker f*f. Now if x € Ker f*f, then f*f(x) = 0 and
so (f*f(z)|x) =01ie. (f(x)|f(x)) =0. Thus f(z) =01ie z € Ker f.
In passing we note that this means that if A is an m X n matrix, then

r(A) =r(A*A) = r(A%).
Corollar 4 If f € L(V) is hermitian and r € N, then Ker f = Ker f".

PRrROOF. Applying the last result repeatedly, we get the chain of equalities
Kerf:KeerZ---:Keerk:...

Each Ker f" lies between two terms of this series and so coincides with Ker f.
We now come to our main result:

Proposition 33 If f € L(V) is a hermitian mapping, then there exists an
orthonormal basis (x;) for V' so that each x; is an eigenvector for f. With
respect to this basis, f has the matriz diag(\y, ..., \,) where the \; are the
(real) eigenvalues of f.

ProOOF. Let V; = Ker (f — \;Id). It follows from the above corollary (applied
to f — A1ld) that V' is the direct sum

V=V, ®Im(f — \Id).

(Recall from Chapter VII that we have such a splitting exactly when the ker-
nel of a mapping coincides with the kernel of its square). A simple induction
argument shows that V' is the direct sum

V=hele - -aV.

However, we know, by the Lemma above that V; L Vj if i # j and so in fact
we have

V=V, L LV,

Hence we can construct the required basis by piecing together orthonormal
bases for the various V.
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Corollar 5 If A is a hermitian n X n matriz, then there exists a unitary
n X n matriz U and real numbers Ay, ..., \, so that

U AU = diag (M, ..., An).
A useful sharpening of the spectral theorem is as follows:

Proposition 34 Let f and g be commuting hermitian operators on' V. Then
V' has an orthonormal basis (x1,...,x,) whereby the x; are simultaneously
eigenvectors for f and g.

PROOF. Let Aq,..., A, be the distinct eigenvalues of f and put V; = Ker (f —
AiId). Then g(V;) € V;. For if x € V;, then f(x) = Nz and f(g(z)) =
g(f(x)) = g(Nz) = Ng(x) i.e. g(z) € V;. Hence if we apply the above
result to g on V;, we can find an orthonormal basis for the latter consisting
of eigenvectors for g (regarded as an operator on V;). Of course they are
also eigenvectors for f and so the basis that we get for V' by piecing together
these sub-bases has the required properties.

For matrices, this means that if A and B are hermition n X n matrices,
then there is a unitary matrix U so that both U* AU and U % BU are diagonal
(real) matrices.

1414 1}

Example: We diagonalise the matrix A = l 1 143

Solution: The characteristic polynomial is
(1+i)* =21 +)A+ A —1

with roots 2 4+ 4 and 7. The corresponding eigenvectors are %(1, —1) and

%(1, 1). hence U*AU = diag (7,2 + i) where U = % { —11 1 }

Example: Show that if A is hermitian, then [ + ¢ A is invertible and U =
(I —4iA)(I +4iA)~" is unitary.
Solution: We can diagonalise A as

V*AV = diag (A, ..., \n)
where the \; are real. Then

VAV =diag (1 + i\, ..., 1 +1\,)
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and the right hand side is invertible. Hence so is the left hand side. This
implies that (I +iA)~! exists. Then

1—i)N 1—i\,
143N T 149N,

V(I —iA)(I 4+ iA)V = diag( ).

The right hand side is clearly unitary. Exercises: 1) Show that an operator
f on a hermitian space is an orthogonal projection if and only if f = f*f. 2)
Let A be a complex n X n matrix, p a polynomial. Show that if p(A*A) = 0,
then p(AA*) = 0.

3) Let p be a complex polynomial in two variables. Show that if A is an nxn
complex matrix so that p(A, A*) = 0, then p(\,\) = 0 for any eigenvalue
A of A. What can you deduce about the eigenvalues of a matrix A which
satisfies one of the conditions:

A"=cA (c€R) A"A=A"+A AA=-I

4) Let A be an n x n complex matrix with eigenvector X and eigenvalue A;.
Show that there is a unitary matrix U so that U~ AU has the block form

A1
B
0

for some n x (n — 1) matrix B. Deduce that there is a unitary matrix U so
that ULAU is upper triangular and that if A is hermitian, then the latter
matrix is diagonal. (This exercise provides an alternative proof of the spectral
theorem).
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4.7 Normal operators

Normal operators are a generalisation of hermitian ones. Consider first the
diagonal matrix

A =diag (A1, ..., \).

A need not necessarily be hermitian (indeed this is the case precisely when the
A; are real). However, it does satisfy the weaker condition that AA* = A*A
i.e. that A and A* commute. We say that such A are normal. Similarly,
an operator f on V is normal if f*f = ff*. Note that unitary mappings
are examples of normal mappings—they are not usually hermitian. We shall
now show that normal mappings have diagonal representations. In order
to do this, we note that any f € L(V') has a unique representation in the
form f = g+ ¢h where g and h are hermitian (compare the representation
of a complex number z in the form z + iy with = and y real). Indeed if
f=g+ih, then f* = g—ih andso f+ f* =2gie. g=1(f+ f*). Similarly,

1
h = 2—( f — f*). This proves the uniqueness. On the other hand, it is clear
]

that if g and h are as in the above formula, then they are hermitian and
f=g+ih.

The fact that normal operators are diagonalisable will follow easily from
the following simple characterisation: f is normal if and only if g and h
commute.

Proor. Clearly, if g and h commute, then so do f = g+ih and f* = g —ih.
On the other hand, if f and f* commute then so do g and h since both are
linear combinations of f and f*.

Proposition 35 If f € L(V) is normal, then V has an orthonormal basis
(x1,...,2,) consisting of eigenvectors of f.

Proor. We write f = ¢g 4 ih as above and find an orthonormal basis
(x1,...,x,) consisting of vectors which are simultaneously eigenvectors for g
and h, say g(x;) = Nizy, h(z;) = px;. Then

fxi) = g(x) + ih(z:) = (N + ) ()

as claimed.
=

Corollar 6 If f € L(V) is unitary, then there exists an orthonormal ba-

sis (x1,...,T,) so that the matriz of f has the form diag (e, ... e for
suitable 04, ...,0, € R.
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We close this section with the classification of the isometries of R". This
generalises the results of Chapter II on those of R* and R®. The method
we use is a standard one for deducing results about the real case from the
complex one and can also be employed to deduce the spectral theorem for
self-adjoint operators on euclidean spaces from the corresponding one for
hermitian operators.

We require the following simple Lemma:

Lemma 2 Let V' be a subspace of C™ with the property that if z € V', then
Rz and 3z also belong to V' (where if z = (z1,...,2,), then

Rz = Rzq,..., Rzn) Sz=(Sz1,...,82,)).

Then V' has an orthonormal basis consisting of real vectors (i.e. vectors z
with Sz = 0.]

PrRoOOF. We consider the set of all real vectors in V. Then it follows from
the assumptions that this is a euclidean space whose real dimension coincides
with the complex one of V. If (zy,...,2,) is an orthonormal basis for this
space, it is also one for V.

Proposition 36 Let f be an isometry of the euclidean space V. Then there
is an orthonormal basis (x1,...,x,) for V with respect to which f has block
matrix of the form

1. 0 0 ... 0
0 —I, 0 ... 0
0 0 Dy ... O
0 0 : :

| 0 0 0 ... Dy |

for suitable integers r, s, t with r + s + 2t = n where Dy denotes the matrix

{ cosf) —sinf ]

sinff cosf

PRroOF. Let A be the matrix of f with respect to an orthonormal basis. We
regard A as a unitary operator on C". Since its non-real eigenvalues occur
in complex conjugate pairs there is a (complex) unitary matrix U so that

UTAU = diag (1,1,...,1,—1,..., =1, e . P i),
From this it follows that C" splits into the direct sum

VieVooe(WieW)e--- o (W, W)
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where

V= {o: fale) = 2}
Vo= {2 fale) = —a}
Wi ={z: falz) = ¥}
Wi ={a: falz) = e %z}

Now consider V;. Then since A is real, z € V; if and only if Rz € V; and
Sz € Vi. Hence by the Lemma above we can choose an orthonormal basis
(1, ...,z,) for V] consisting of real vectors. Similarly, we can construct an
orthonormal basis for V_; consisting of real vectors (yi, ..., ys).

For the same reason, the mapping

2= z=Rz— Sz

maps W; onto W/. Hence if (z1,...,2) is an orthonormal basis for W;,
(Z1,. .., Z) is an orthonormal basis for W/. Now f4 maps the two dimensional
space spanned by z; and Z; into itself and has matrix

with respect to this basis.
We introduce the real bases w; and w; where

Zi—FEZ' w,_Zi—EZ'
V2 L2

and consider the mapping f4 on the two dimensional real space spanned by
these vectors. Then a simple calculation shows that w; and w] are perpen-
dicular (since z; L Z;) and that the matrix of f4 with respect to this basis
is

w; =

sinf; cosb;

{ cosf; —sinb; ]

If we combine all the basis elements obtained in this way, we obtain an
orthonormal basis of the required sort.

Exercises: 1) Show that if f is a linear operator on a hermitian space
V', then either of the following conditions is equivalent to the fact that f is
normal:

o (f@If W)= (@) () (ryeV)
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o [f@I =)l (zeV).

2) Show that an m x n complex matrix has factorisations
A=UB=CV

where U (resp. V) is unitary m X m (resp. n x n) and B and C' are positive
semi-definite. Show that if A is normal (and so square), then U and B can
be chosen in such a way that they commute.

3) Show that a complex n x n matrix A is normal if and only if there is a
complex polynomial p so that A* = p(A).

4) Let A be a normal matrix and suppose that all of the row sums have a
common value c¢. Show that the same is true of the column sums. What is
the common value in this case?

5) Let A be a normal n x n matrix. Show that the set of eigenvalues of A is
symmetric about zero (i.e. is such that if A is an eigenvalue then so is —\) if
and only if tr A2**1 =0 for k =0,1,2,....

6) Let U be an isometry of the hermitian space V' and put

Vi=A{z:Uzx =z}

Show that if U, is the mapping

1
U=-I4+U+---+U""

n
then for each x € V., U,x converges to the orthogonal projection of x onto
Vi.

7) If f € L(V) is such that f* = —f, then Id + f is invertible and (Id —
£)(Id + f)~! is unitary. Which unitary operators can be expressed in this
form?

8) Show that if an n X n complex matrix is simultaneously unitary and
triangular, then it is diagonal.

9) Let A be a normal matrix with the property that distinct eigenvalues
have distinct absolute values. Show that if B is a normal matrix, then AB
is normal if and only if AB = BA. (Note that it is not true in general that
AB is normal if and only if A and B commute (where A and B are normal
matrices) although the corresponding result holds for self-adjoint mappings.
The above result implies that this is true in the special case where either A
or B is positive definite).

10) Let f € L(V) be such that if x L y, then f(z) L f(y). Show that there
exists an isometry f and a A € R so that f = \g.

11) (This exercise provides the basis for a direct proof of the spectral theorem
for isometries on R™ without having recourse to the complex result). Suppose
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that f is an orthonormal operator on R". Show that there exists a one- or
two-dimensional subspace of R™ which is f-invariant. (One can suppose that
f has no eigenvalues. Choose a unit vector x so that the angle between x
and f(z) is minimum. Show that if y is the bisector of the angle between

x+ f(x)
2

f(x)—hence the latter is f-invariant).

x and f(z) (ie. y = ), then f(y) lies on the plane through = and
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4.8 The Moore-Penrose inverse

We now return once again to the topic of generalised inverses. Recall that if
f:V — W is a linear mapping, we construct a generalised inverse for f by
considering splittings

V=VielV, W=W ol

where V5 is the kernel of f, W, the image and V; and W5 are complementary
subspaces. In the absence of any further structure, there is no natural way to
choose W5 and V. However, when V' and W are euclidean space, the most
obvious choices are the orthogonal complements V; = Vit and Wy = Wit
Then generalised inverse that we obtain in this way is uniquely specified and
denoted by ff. It is called the Moore-Penrose inverse of f and has the
following properties:

o fTffT =11
o« 117 =1"
e fTf is the orthogonal projection onto V; and so is self-adjoint;

e ffTis the orthogonal projection onto W; and so is self-adjoint.

In fact, these properties characterise f—it is the only linear mapping from
W into V which satisfies them as can easily be seen.

It follows that if y € W, then x = fT(y) is the “best” solution of the
equation f(x) =y in the sense that

1f (@) = yll < 1£(=) =yl

for each z € V ie. f(x) is the nearest point to y in f(V). In addition z is
the element of smallest norm which is mapped onto this nearest point.

In terms of matrices, these results can be restated as follows: let V and W
have orthonormal bases (z1,...,x,) resp. (Y1, .., ¥n) and let f have matrix
A with respect to them. Then the matrix Af of f satisfies the conditions:

AATA=A ATAAT=AT AA" and ATA are self-adjoint.

Of course, A" is then called the Moore-Penrose inverse of A and is
uniquely determined by the above equations. The existence of fT can also
be proved elegantly by using the result on singular values from the third

paragraph. Recall that we can choose orthonormal bases (x1,...,x,) resp.
(Y1, - -, Ym) so that the matrix of f has the block form

A 0

0 0
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with A; = diag (g1, ..., ). Then fTis the operator with matrix
AL 0
0 0
with respect to (yi,...,Ym) resp. (z1,...,z,). Note that f is injective if and
only if r = n. In this case, f has matrix

o

and fTis the mapping (f!f)~1f! as one can verify by computing the matrix
of the latter product.

Of course, the abstract geometric description of the Moore-Penrose in-
verse is of little help in calculating concrete examples and we mention some
explicit formulae which are often useful.

Firstly, suppose that A has block representation [B C| where B is an
invertible (and hence square) matrix. Then it follows from the results on
positive definite matrices that BB! + C'C* is invertible. The Moore-Penrose
inverse of A is then given by the formula

BYBB'+ CC*)™!

Af =
CY(BB' + CCY)™!

as can be checked by multiplying out.

Example: Consider the matrix

10 01

01 01
A=

00 ... 11

Then A is of the above form with B = I,, and one can easily calculate that
AT is the matrix

n -1 -1 ... —1]
1 n -1 ... —1
1
1 . .
e
1 1 1 ... 1

The Moore-Penrose inverse can also be calculated by means of the fol-
lowing recursion method. We put

B=A"A

113



and define
Co=1
Cl = tr (CQB)[ — CoB
1
CQ = §tr (ClB)I — ClB

and so on. It turns out that C,.B vanishes where r is the rank of A and the
earlier values have non-vanishing trace. Then we have the formula

F_ (T‘ - ]-)Cr—lA*
n tr (Cr—lB) .

This can be checked by noting that the various steps are independent of the
choice of basis. Hence we can choose bases so that the matrix of the operator

defined by A has the form
A 0
0 0

where A; = diag (A1,...,\;). This is a simple calculation.

As an application, we consider the problem of the least square fitting of
data. Let (t1,11),..., (tn,y) be points in R?. We determine real numbers
¢, d so that the line y = ¢t + d provides an optimal fit. This means that ¢
and d should be a “solution” of the equation

ty 1 Yn
If we interpret this in the sense that ¢ and d are to be chosen so that the

error
(1 —cty = di)* + -+ (Yo — ety — dp)?

be as small as possible, then this reduces to calculating the Moore Penrose
inverse of

ty 1
A= :
t, 1
since the solution is
n



If the t; are distinct (which we tacitly assume), then AT is given by the

formula

Al = (ATA)TTAL

t n

In this case

where t =t; + - - + 1.

Example: We consider the concrete case of the data

01235
for the value of t and
02346
for the corresponding values of the y’s, then we have
0 17
11
A=12 1
31
and so
¢4 | 39 11
Ad= { 11 5
and

(AtA)‘lzi{ g _”}.

This leads to the solution

U W N O
I
1
RlER=
—_

Similar applications of the Moore-Penrose inverse arise in the problem of
curve fitting. Here one is interested in fitting lower order curves to given

data. In chapter V we saw how the methods of lin

ear algebra could be

applied. In practical applications, however, the data will be overdetermined

and will not fit the required type of curve exactlyl. In

this case, the Moore-

Penrose inverse can be used to find a curve whcih provides what is, in a

certain sense, a best fit. We illustrate this with an exa
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Example: Suppose that we are given a set of points P, ..., P, in the plane
and are looking for an ellipse which passes through them. In order to simplify
the arithmetic, we shall assume that the ellipse has equation of the form

agi + & =1

(i.e. that the principal axes are on the coordinate axes). Then we are requred
to find (positive) o and (3 so that the equations

a§)’ + B(&) =1
are satisfied (where P; has coordinates (£f,&5)). This is a linear equation
with matrix
(&)* (&)
A= : :
(&) (&)
Our theory would lead us to expect that the vector

1
[a Z)]:AT

will be a good solution.

Exercises: 1) Show that the least square solution of the system

is the mean value of by, ..., b,.
2) Calculate explicitly the least square solution of the system

considered above.
3) Suppose that f is an operator on the hermitian space V. Show that if f is
surjective, then f f* is invertible and the Moore-Penrose inverse of f is given
by the formula
=1

Interpret this in terms of matrices.
4) Show that f € L(V) commutes with its Moore-Penrose inverse if and only
if the ranges of f and f* coincide and this is equivalent to the fact that we
have splitting

V= f(V)LKer(f)
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resp. that there is an orthonormal basis with respect to which f has matrix

A0
0o
where A is invertible.
5) Show that if A is an m X n matrix, then there are polynomials p and ¢ so
that
Al = A*p(AA*) and Al = g(A*A)A*

6) Show that the Moore-Penrose inverse of A can be written down explicitly
with the help of the following integrals:

AT — /OO 6—(A*A)tA* dt

A= L [ er - aayaras

2mi ), 2

(the latter being integrated around a simple closed curve which encloses
the non-zero eigenvalues of A*A. These integrals of matrix-valued functions
are to be interpreted in the natural way i.e. they are integrated elementwise).
7) Show that if A is normal with diagonalisation

* _ Alo
UAU—{O 0}

where A = diag (A, ..., \;) with Ay, ..., A\, the non-zero eigenvalues, then

Al=(A+P)*t =P

where
.10 0
pevr]d 9 o
8) Use 7) to show that if C' is a circulant with rank » =n —p and F*CF =
diag (A1, ..., A,) is its diagonalisation as above, then

Cl=C(I+K)"'-K

where K is defined as follows. Suppose that the eigenvalues A;,..., \;
vanish. Then

P

1 | |
K = Z KZS Wlth KZT — —ClI'C (1’ Q_ZT+1’ e Q(n—l)(—zr+1)).
n
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9) Show how to use the Moore-Penrose inverse in obtaining a polynomial of
degree at most n — 1 to fit data

(tlaxl)a R (tmaxm)

where m > n. (The ¢; are assumed to be distinct.)

10) Show that an operator f commutes with its Moore-Penrose inverse if and
only if its range is the orthogonal complement of its kernel (or, alternatively,
if the kernels of f and f* coincide). Show that in this case, fT is a polynomial

in f.
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4.9 Positive definite matrices

We conclude this chapter with a discussion of the important topic of positive
definite matrices. Recall the following characterisation:

Proposition 37 Let f be a self-adjoint operator on V. Then the following
are equivalent:

e f is positive definite;
e all of the eigenvalues of f are positive;

e there is an invertible operator g on'V so that f = g'g.

ProoOF. (1) implies (2): If A is an eigenvalue,with unit eigenvector x, then
0< (f(z)|x) = (A\z|z) = A(z|z) = A

(2) implies (3): Choose an orthonormal basis (x;) of eigenvectors for f. Then
the matrix of f is diag (A1, ..., A,) where, by assumption, each \; > 0. Let g
be the operator with matrix diag (v/A1, ..., vAn). Then f = gtg. (3) implies
(1): If f = g'g, then

(f(2)lz) = (g'g(2)|2) = (9(x)lg(=)) = lg(=)|I* > 0

if z # 0.

There are corresponding characterisations of positive-semidefinite opera-
tors, resp. positive definite operators on hermitian spaces.

Suppose that the n x n matrix A is positive definite. By the above, A
has a factorisation B!B for some invertible n x n matrix. We shall now show
that B can be chosen to be upper triangular (in which case it is unique). For
if A = [a;;], then a;; >0 (put X = (1,0,...,0) in the condition X*AX > 0).
Hence there is a matrix L of the form

L0 ... 0
ail
—b21 1 ... 0
—b,1 O
1 -
so that the first row of L1 A is
1
0
0
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(we are applying the Gaufian elimination method to reduce the first column).
Since A is symmetric, we have the inequality

- [ 0]

where As is also positive definite. Note that the matrix L, is lower triangular.
Proceeding inductively, we obtain a sequence L, ..., L,_1 of such matrices so
that if L = L,,_; ... Ly, then LAL' = I. Hence A has the factorisation B'B
where B = (L71)! and so is upper triangular. This is called the Cholelsky
factorisation of A.

An almost immediate Corollary of the above is the following characteri-

sation of positive definite matrices: A symmetric n X n matrix A is positive
definite if and only if det A, > 0 for £ = 1,...,n where A is the k X k matrix
[a’ij]i‘c,jzl'
PRrROOF. Necessity: Note that if A is positive definite then det A > 0 since
the determinant is the product of the eigenvalues of A. Clearly each A is
positive definite if A is (apply the defining condition on A to the vectors of
the form (&1, ...,&,0,...,0)). Sufficiency: Let A satisfy the above condition.
In particular, a;; > 0. As above we find a lower triangular matrix L; with

~ 1 0
_ t_
Amsa=[ 1 8]
for a suitable (n — 1) x (n — 1) matrix C'. The submatrices A, of this new
matrix are obtained from those of A by multiplying the first row resp. column

1
by — (which is positive) or by subtracting the first row (resp. column) from
ari

the later ones. This implies that the new matrix A and hence C satisfy the
same conditions and can proceed as in the construction of the Cholelsky
factorisation to get A = B'B i.e. A is positive definite.

There are a whole range of inequalities involving positive definite matri-
ces. Many of their proofs are based on the following formula: Let A be a
positive definite n x n matrix. Then

-2 ai&i&5 g de — m2
e coodE, )
/n 2 . Vdet A

PRrOOF. If we choose new coordinates (7, ...,7n,) with respect to which A
is diagonal, we get the integral

/ e~ Quni++Anni) dny ...dn,
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whose value is []" ([ e~ dn.) (A1, ..., A, are the eigenvalues of A). The
result now follows from the classical formula

/ eV dy=/r
R
by a change of variables.

Exercises: 1) Show that if f € L(V) is positive definite, then

(f@)]2)(f~ W)ly) = (2]y)?

for x,y e V.

2) Let f and g be self-adjoint operators where g is positive definite. The
generalised eigenvalue problem for f and ¢ is the equation f(x) = Ag(x)
(where, as usual, only non-zero = are of interest). Show that the space has
a basis of eigenvectors for this problem (put g = h'h where h is invertible
and note that the problem is equivalent to the usual eigenvalue problem for
(Y faY).

3) Show that every operator f on a euclidean space has uniquely determined
representations

f:hu:u1h1

where u and U; are isometries and h, hy are positive semi-definite. Show that
f is then normal if and only if A and u commute, in which case u; = v and
hy = h.

4) Show that if A is a real, positive definite matrix, then

(det A)% = min tr(AB).
det B=1,B>0
Hence deduce that
(det(A + B))n > (det A)» + (det B) .

5) Let A be a positive definite n x n matrix and denote by A; the matrix
obtained by deleting the i-th row and the i-th column. Show that

det(A + B) S det A N det B

(where B is also positive definite and B; is defined as for A;). 6) Show that
if f is a positive definite operator with eigenvalues

)\1>"'>)\n7
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then

for any orthonormal basis (z;).

7) Let f and g be operators on the euclidean space V. Show that they
satisfy the condition || f(z)|| < ||lg(x)]| for each x € V if and only if g'g — f* f
is positive semi-definite. Show that if they are normal and commute, this
is equivalent to the fact that they have simultaneous matrix representation
diag (A1, ... A,) and diag (p1, - - ., i) (With respect to an orthonormal basis)
where |\;| > || for each i.

8) Show that if A is a symmetric matrix so that there points a < b such that

(A — al)(A— bI)

is positive definite, then A has no eigenvalues between a and b.
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5 MULTILINEAR ALGEBRA

In this chapter we bring a brief introduction to the topic of multilinear alge-
bra. This includes such important subjects as tensors and multilinear forms.
As usual, we employ a coordinate-free approach but show how to manipulate
with coordinates wvia suitable bases in the spaces considered. We begin with
the concept of the dual space.

5.1 Dual spaces

If V' is a vector space, then the dual space of V' is the space L(V;R) of
linear mappings from V' into R. As we have seen, this is a linear space with
the natural operations. We denote it by V*. For example, if V' is the space
R"™, then, as we know, the space of linear mappings from R" into R can
be identified with the space M;,, of 1 x n matrices, where y = [n1,..., 7]
induces the linear mapping

fy(glaagn))_)glnl++€nnn

Since M ,, is naturally isomorphic to R" we can express this in the equation
(R™)* = R"™ which we regard as a shorthand for the fact that the mapping
y — f, is an isomorphism from the second space onto the first one.

We note the following simple properties of the dual space:

Proposition 38 Let x,y be elements of a vector space V. Then
o x # 0 if and only if there is an f € V* with f(x) =1;
e = and y are linearly independent if and only if there is an f € V* so
that f(z) =1, f(y) =0 or f(z) =0, f(y) = 1.

ProoF. It suffices to prove these for the special case V' = R" where they
are trivial
If f is a non-zero element in the dual V* of V| then the subset

Hl ={z eV : f(z)=a}

is called a hyperplane in V. It is an affine subspace of dimension one less
than that of V, in fact, a translate of the kernel of f. Every hyperplane is
of the above form and H! and H g are parallel (i.e. they can be mapped
onto each other by a translation). Then the above result can be expressed
as follows:
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e a point z in V is non-zero if and only if it lies on some hyperplane
which does not pass through zero;

e two points z and y in V are linearly independent if and only if there
are parallel, but distinct, hyperplanes of the form H/ and Hg so that
x € Hl and y € H({ or vice versa.

The dual basis: Suppose now that V' has a basis (z1,...,z,). For each i
there is precisely one f; € V* so that

filz;) =1 and fi(z;) =0 (i#J).
In other words, f; is that element of the dual space which associates to each
x € V its i-th coefficient with respect to (z;) for if # = > 77| \;z;, then

fi(z) = Z)\jfz‘(l’j) =\

We claim that this sequence (f;) is a basis for VV*—called the dual basis to
(x;). For if f € V*, it has the representation f =" | f(z;)f; which should
be compared to the representation z = > | fi(z)z; in V. In order to prove
this it suffices to show that

fla) = 3 fla) i)

for each x € V and this follows from an application of f to both sides of the
equation x = Y1 | fi(x)z;.

In order to see that the f; are linearly independent suppose that the linear
combination )., A; f; is zero. Then applying this form to z; and using the
defining condition on the f; we see that A\; = 0.

(Of course, the last step is, strictly speaking unnecessary since we already
know that V' and V* have the same dimension).

The principle used in this argument will be applied again and so, in order
to avoid tedious repetitions, we state an abstract form of it as a Lemma:

Lemma 3 Let V be a vector space whose elements are functions defined on
a set S with values in R so that the arithmetic operations on V' coincide with
the natural ones for functions (i.e. (x+y)(t) = x(t)+y(t), (A\x)(t) = Az(t))).
Then if x1,...,x, is a sequence in V and there are points t1,...,t, in S so
that

zi(t;)) =0 (i#j) or 1 (i=j),
the sequence xy,...,x, 18 linearly independent.

The proof is trivial. If a linear combination » ; , \;z; vanishes, then evalu-
ation at t; shows that A\; = 0.
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Examples of dual bases: We calculate the dual bases to
e (1,1),(1,0) for R
e the canonical basis (1,t,...,t") for Pol (n).

(1) Let 7 = (1,1), 23 = (1,0) and let the dual basis be (fi, fo) where
fi = (61,€)), fo = (€2,€2). Then we have the four equations

filz)) = §+& =1 folm) = §+& =0
filza) = & =0  folzs) = & =1
with solutions f; = (0,1), fo = (1, —1).
(2) Let f; be the functional '
p"(0)
il
The of course, fi(t/) = 1 if i = j and 0 otherwise. Hence (f;) is the dual
basis and if p € Pol (n), then its expansion

p=) filp)t' =) T!(O)t’
1=0

1=0

p—

with respect to the natural basis is the formal Taylor expansion of p.

We now investigate the behaviour of the dual basis under coordinate
transformations. Let (z;) resp. (7)) be bases for V' with dual bases (f;) and
(f). Let T = [ti;] be the transfer matrix from (z;) to (z}) i.e. we have the

equations
n
= L
SL’j = Z’j.ﬁlfi.
i=1

Then we know that the coordinate representations

n n
!
T = E AT = g )\j:pj
i=1

J=1

of x with respect to the two bases are related by the equations
n n
j=1 j=1

where the matrix [t;;] is the inverse of 7. Remembering that \; = f;(z) we
can write these equations in the forms

fil@) :Ztijf;(g;) resp. f{(ﬂf)zszfj(x)-
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Since these hold for any x € V' we have

fi= Ztijf]/‘ resp. fj = Zfijfj-
j=1 j=1

Comparing these with the defining formula

n
fj=2_sul.
i=1

for the transfer matrix S from (f;) to (f]) we see that S = (T*)~". Thus we
have proved

Proposition 39 If T is the transfer matriz from (xz;) to (x}), then (T*)~*
is the transfer matriz from (f;) to (f;).

We now consider duality for mappings. Suppose that f : V — W is a linear
mapping. We define the transposed mapping f* (which maps the dual W*
of W into V*) as follows: if g € W*, then f*(g) is defined in the natural way
as the composition g o f i.e. we have the equation

filg) iz = g(f(z) or fig)(z) = g(f(z)).
As the notation suggests, this is the coordinate-free version of the transpose
of a matrix:

Proposition 40 If (z1,...,x,) resp. (Y1,...,Ym) are bases for V and W
resp. and f:V — W is a linear mapping with matric A = |a;j], then the
matriz of f* with respect to the dual bases (g1, ..., gm) and (f1,..., fn) is A,
the transpose of A.

PROOF. The matrix A is determined by the fact that f maps Z?:1 Ajz; into
> =1 (O2imy aigAj)yi or, in terms of the f;’s and g;’s,

S o) = aiF) = J'ai)

(the latter equation by the definition of f*).
Since this holds for each = we have

f(g) = Z aij f
j=1
and if we compare this with the defining relation
f(gi) = ijifj
j=1
for the matrix B of f!, we see that B = A'.
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The bidual: If V is a vector space, we can form the dual of its dual space
i.e. the space (V*)* which we denote by V**. As we have already seen, the
vector space V' is isomorphic to its dual space V* and hence also to its bidual.
However, there is an essential difference between the two cases. The first was
dependent on an (arbitrary) choice of basis for V. We shall now show how to
define a natural isomorphism from V onto V** which is independent of any
additional structure of V.

Definition: If V is a vector space, we construct a mapping ¢y, from V into
V** by defining the form iy (x) (x € V) as follows:

iv(@)(f) = flx) (feV).

It is easy to see that iy is a linear injection. It is surjective since the dimen-
sions of V and V** coincide.
We now turn to duality for subspaces: let M be a subspace of V. Then

Me={feV*:f(x)=0 forall e M}

is a subspace of V*—called the annihilator of M (in V*). Similarly, if N
is a subspace of V*, then

No={ze€V:f(r)=0 forall fe N}

is the annihilator of N in V. Notice that this is just i},' (N°) where N° is the
annihilator of N in V** the dual of V*. Hence there is a perfect symmetry
in the relationship between M and M resp. N and N,. Because of this fact,
it will often suffice to prove just half of the statements of some of the next
results.

Proposition 41 If M CV and N C V*, then
dim M + dim M° =dimV =dimV* = dim N + dim N,.

ProOOF. Choose a basis (z;) for V so that (z1,...,,) is one for M. Let
(fi) be the dual basis. Then it is clear that M° = [f,41,..., fu] (cf. the
calculation above) from which the first half of the equation follows. The
second follows from the symmetry mentioned above.

Corollar 7 If M and N are as above, then M = (M?), andN = (N,)°.
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PROOF. It is clear that M C (M?),. To verify equality, we count dimensions:

dim(M?°)p = dim V' — dim M*
=dimV — (dim V — dim M)
= dim M.

Proposition 42 If f : V — W is a linear mapping, then Ker f* = (Im f)°,
Im(F") = (Ker f)°, Ker f = (Im f*),, Im f = (Ker f*),.

Proor. In fact, we only have to prove one of these result, say the first one
Ker f* = (Im f)°. This follows from the following chain of equivalences:

g € Ker f* if and only if f'(g) =0
if and only if (f'(g))(x) =0 for z€V
if and only if g(f(xz))=0 for z€V
if and only if ¢ € (Im f)°.

In order to obtain the other three we proceed as follows: if we take annihila-
tors of both sides we get

(Ker 1), = ((Im)°), = Im f

which is the fourth equation.

The remaining two are obtained by exchanging the roles of f, V, W with
those of f*,V* and W* in the two that we have just proved.

If we apply this result to the linear mapping defined by a matrix, we ob-
tain the following criterium for the solvability of a system of linear equations.

Proposition 43 Let A be an m x n matriz. Then the equation AX =Y
has a solution if and only if Y'Z = 0 for each solution Z of the homogeneous
equation A'Z = 0.

Product and quotient spaces: If V; and V5 are vector space, then so is
V =V; x V5 under the operations

(z,9) + (x1, 1) = (x + 21,y + 1)
Mz, y) = (Az, Ay)

as is easily checked. The mappings = — (x,0) and y — (0,y) are isomor-
phisms from V;j resp. V5 onto the subspaces

Vi={(x,0):2€Vi} resp. Vo=1{(0,y):y €V}
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and V = 171 @b 172 Hence V; x V, is sometimes called the external direct
sum of V| and V5.

It is easily checked that the dual (V; x V5)* of such a product is naturally
isomorphic to V}* x V;* where a pair (f, g) in the latter space defines the linear
form

(@,y) = f(z) +9(y)-

We now introduce a construction which is in some sense dual to that of
taking subspaces and which can sometimes be used in a similar way to reduce
dimension. Suppose that V] is a subspace of the vector space V. We introduce
an equivalence relation ~ on V' as follows:

x~y ifand only z—yeV.

(i.e. we are reducing V7 and all the affine subspaces parallel to it to points).
V/Vj is, by definition, the corresponding set of equivalence classes {[z] : z €
V'} where [x] = {y : y ~ x}. V/Vj is a vector space in its own right, where
we define the operations by the equations

[z] + [y] = [z + ¥
Az] =[]

and the mapping 7 : V' — V/V; which maps x onto [z] is linear and surjective.
Further we have the following characteristic property:

Proposition 44 Let f be a linear mapping from V into a vector space W
which vanishes on Vi. Then there is a linear mapping f : V/Vi — W which
s such that f = fo.

If we apply this to the case where W = R, we see that the dual space of V/V;
is naturally isomorphic to the polar V}? of V; in V*. From this it follows that
the dimension of (V/V})* and hence of V/V; is

dim V — dim V.

Exercises: 1) Calculate the dual basis to the basis
(1,1,1),(1,1,—-1),(1,—1,-1)

for R
2) Calculate the coordinates of the functional p — fol p(t) dt on Pol (n) with
respect to the basis (f;,) where (¢;) is a sequence of distinct points in [0, 1]

and f;,(p) = p(t:)-
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3) Let (z1, ..., z,) be abasis for the vector space V' with dual basis (f1, ..., fa)-
Show that the set
(371,552 — AoTy, .y Ty — )\nl’l)

is a basis and that

(fi+Xefot+ . XS o+ Nsfs+ -+ Aafus s fo)

is the corresponding dual basis.
4) Find the dual basis to the basis

(Lt—a,....,(t—a)")

for Pol (n).

5) Let tg,...,t, be distinct points of [0,1]. Show that the linear forms f; :
x — x(t;) form a basis for the dual of Pol (n). What is the dual basis?

6) Let V; be a subspace of a vector space V and let f: V] — W be a linear
mapping. Show that there is a linear mapping f : V — W which extends f.
Show that if S is a subset of V' and f : S — W an arbitrary mapping, then
there is an extension of f to a linear mapping f from V into W if and only
if whenever > 1" Nx; =0 (for a1,...,2, € S), then Y " | A, f(x;) = 0.

7) Let f be the linear form

x»—)/olx(t)dt

on Pol (n). Calculate D'f where D' is the transpose of the differentiation
operator D.
8) Let V; and V4 be subspaces of a vector space V. Show that

i+ Vo) =Vnvy (VinVe)? =V + V.

9) Let P be a projection onto the subspace V; of V. Show that P? is also a
projection and determine its range.

10) Show that if V and W are vector spaces, then L(V,W) is naturally
isomorphic to the dual of L(V, W) under the bilinear mapping

(fyg) = tr(gof).

(i.e. the mapping

g (f=tr(gof))
is an isomorphism from L(W, V) onto L(V, W)*).
11) Show that if f is a linear functional on the vector space M, so that
f(Id) = n and f(AB) = f(BA) for each pair A, B, then f is the trace
functional (i.e. f(A) = tr A for each A).

130



5.2 Duality in euclidean spaces

As we have seen, any vector space V' is isomorphic to its dual space. In the
special case where V' = R" we used the particular isomorphism y — f, where
fy is the linear form x — >, &mn;. In this case we see the special role of the
scalar product and this suggests the following result:

Proposition 45 Let V' be an euclidean space with scalar product (| ). then
the mapping T : y — f, where f,(x) = (z|y) is an isomorphism from V onto

|7

PROOF. 7 is clearly linear and injective. It is surjective since dimV =
dim V*.

Using this fact, the duality theory for euclidean spaces can be given a
more symmetric form. We illustrate this by discussing briefly the concept
of covariant and contravariant vectors (cf. Chapter 11.9). If (z;) is a basis,
consider the dual basis (f;) for V*. Then if we define x° to be 771(f;), (%)
is of course a basis for V. Hence each x € V' has two representations,namely

(2

which is called the contravariant representation and

i

the covariant representation.

Note that a basis (z;) is orthonormal exactly when it coincides with its
dual basis. Then the two representations for x are the same.

We have been guilty of an abuse of notation by denoting the adjoint
of an operator between euclidean spaces studied in Chapter VIII and the
adjoint introduced here by the same symbol. This is justified by the fact
that they coincide up to the identification of the spaces with their duals via
the mapping 7.
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5.3 Multilinear mappings

In this and the following section, we shall consider the concepts of multilinear
mappings and tensors. In fact, these are just two aspects of the same math-
ematical phenomenon—the difference in language having arisen during their
historical development. We begin with the concept of a multilinear mapping;:

Definition: Let Vi,...,V,, and W be vector spaces. A multilinear mapping
from Vi x --- x V,, into W is a mapping

FVix-xV, 5 W

so that
flay, o Az pxl, o) = M@y, ) uf (2 T
for each choice of 1,1, ...,z 2}, ..., x,, A\, pu (i-e. T is linear in each variable

separately). Note that the linear mappings correspond to the special case
n=1.

We denote the space of all such mappings by L™"(Vy, ..., V,; W). If V} =
-+ =V, (which will almost always be the case in applications), we write
L*(V;W). 1If the range space is R, we denote it by L"(Vi,..., V) resp.
L™(V). In particular, the space L'(V) is just the dual V*.

In order to simplify the presentation, we shall, for the present, confine
ourselves to the simple case L?(V7,Vs) of bilinear forms on the product of
two vector spaces. In this case, the defining conditions can be combined in
the form

J(M@y 4 Xoxa, payn + poy2) = Z it f (45, y5)-
i,j=1,2
More generally, we have

f(z Aili, Z 1Y) = Z Aitei f (i, y5)
i—1 j=1 ,J
for any m. We have already met several examples of bilinear forms. For exam-

ple, the scalar product on a euclidean space and the bilinear form ), i a;;&in;
associated with a conic section. In fact, the typical bilinear form on R" can

be written as
f(z,y) = Zaz‘jfmj
,J

for suitable coefficients [a;;]. For if we put a;; = f(e;, €;) then
f(z,y) = f(Z &iei, Zﬁjej) = Z ST
i=1 j—1 0J
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In matrix notation this can be conveniently written in the form X*AY where
X and Y are the column matrices

&1 m

&n M
Just as in the case of the representation of linear operators by matrices, this is
completely general and so if V; and V5, are spaces with bases (z1, ..., Z,,) resp.

(Y1, -, yn) and if f € L*(V3, V5), then A = [a;;] where a;; = f(x4,y;) is called

the matrix of f with respect to these bases and we have the representation
f(z,y) = Z Qi Aifk
/[:7-7

where z = Y Ax; and y = > ;jjzj. We can express this fact in a more
abstract way as follows. Suppose that f € V;* and g € V. Then we define
a linear functional f ® g on V; x V5 as follows:

fefi(v,y)— flx)g(y).

Proposition 46 If (f;) and (g;) are the dual bases of Vi and Vs, then (fi®g;)
is a basis for LQ(Vl, Vs). Hence the dimension of the latter space is dim V; -
dim V5.

PROOF. The argument above shows that these elements span L?*(V, V3). On
the other hand, f; ® g;(zk, ;) vanishes unless i = k and j = [ in which case
its value is one. Hence the set is linearly independent by the Lemma above.

We have thus seen that both linear mappings and bilinear forms are rep-
resentable by matrices. However, it is important to note that the formula for
the change in the representing matrices induced by new coordinate systems
is different in each case as we shall now see. For suppose that we introduce
new bases (2}, ...,z ) resp. (y1,...,y,) in the above situation with transfer
matrices S = [s;;] and T = [tg] i.e.

/ /
x; = E SiTi  Y; = E LY
i k

Now if A’ is the matrix of f with respect to the new bases, then

= f(z Sij i Z tryr)
i k
= Z Z SijAiktrl
ik
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which is the (j,1)-th element S*AT. Thus we have the formula
A= S'AT

for the new matrix which should be compared with that for the change in
the matrix of a linear mapping.

In the particular case where V; = V5 = V' and we use the same basis for
each space, the above equation takes on the form

A = S'AS.

It is instructive to verify this formula with the use of coordinates. In
matrix notation we have

fla,y) = X'AX = (X')' A'(Y")

where X,,Y, X', Y’ are the column matrices composed of the coordinates of
x and y with respect to the corresponding matrices. Now we know that
X =SX"and Y =TY’ and if we substitute this in the formula we get

fla,y) = (SX)A(TY') = (X')(S'AT)(Y")

as required.
We can distinguish two particularly important classes of bilinear forms f
on the product V x V of a vector space with itself. f € L*(V) is said to be

e symmetric if f(x,y) = f(y,x)(z,y € V);
e alternating if f(x,y) = —f(y,x)(z,y € V).

If f has the coordinate representation
Z aijfi ® [
i7j

with respect to the basis (z1,...,x,), then f is symmetric (resp. alternating)
if and only if A = A" (resp. A = —A"). (For a;; = f(x;,x;) = £f(zj,2;) =
+aj; according as f is symmetric or alternating).

Symmetric forms with representations

p p+q
f:Zfi®fi_ Z fi® fi
i=1 i=p+1

are particularly transparent. On R" these are the forms

flo,y) =&m+ -+ EpMlp — (§p+177p+1 +oeeet gp—l—qnp-i-q)-

The central result on symmetric forms is the following:
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Proposition 47 Let f be a symmetric bilinear form on V. Then there is a
basis (x;) of V and integers p,q with p+ q < n so that

p p+q
F=Y_fiofi-> fiof.
i=1 i=p+1

Before proving this result, we restate it as one on matrices:

Proposition 48 Let A be a symmetric n X n matriz. Then there is an
wnvertible n X n matriz S so that

S'AS = diag(1,...,1,—1,...,—1,0,...,0).

Proor. We prove the matrix form of the result. First note that the result
on the diagonalisation of symmetric operators on euclidean space provides a
unitary matrix U so that U'AU = diag (A — 1,...,\,) where the \; are the
eigenvalues and can be ordered so that the first p (say) are positive, the next
q are negative and the rest zero. Now put

1

1 1 1
e , e N PN
VAL V>‘p \/_)‘erl \/_)‘erq

T = diag (

1).

Then if S =UT,

I, 0 0
S'AS=1|0 -I, 0
0 0 0

We now turn to the signs involved in the canonical form

I, 0 0
0 —I, 0
0 0 0

Although there is a wide range of choice of the diagonalising matrix S, it
turns out that the arrangement of signs is invariant:

Proposition 49 Proposition (Sylvester’s law of inertia) Suppose that the
symmetric form f has the representations

I, 0 0 Ly 0 0
0 —1I, 0| resp. 0 —Iy O
0 0 O 0 0 0

with respect to bases (x;) resp. (v7;). Thenp=p' and q=¢'.
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PRrROOF. First note that p 4+ ¢ and p’ + ¢’ are both equal to the rank of the
corresponding matrices and so are equal. Now put

M, = [z1,...,x)] My = [z}, ..., )]

N, = [2pi1,- -, T I R

and note that f(z,z) > 0 for x € M, \ {0} (resp. M, \ {0}) and f(z,z) <0
for z € N, resp. N.
Hence M, NN, = {0} = M,NN,. Suppose that p # p', say p’ > p. Then

dim(M, N N,) = dim M,y + dim N, — dim(M,y + N,)
>p +(n—p)—n
=p' —p>0

which is a contradiction. Then p = p’ and so ¢ = ¢'.

The above proof of the diagonalisation of a symmetric bilinear form is
rather artificial in that it introduces in an arbitrary way the inner product
on R". We give a direct, coordinate-free proof as follows: suppose that ¢
is such a form. We shall show, by induction on the dimension of V', how to

construct a basis (z1,...,x,) with respect to which the matrix of ¢ is
I, 0 0
0 —Iy, 0
0O 0 0

for suitable p, q.

PROOF. We choose a vector &7 with ¢(Z1, %) # 0. (If there is no such vector
then the form ¢ vanishes and the result is trivially true). Now let V; be the
linear span [Z] and put

Va={y €V :¢(71,y) = 0}.
It is clear that V; NV, = {0} and the expansion

y = gb(l‘l’y)fjl 4z

¢(Z1, &1

(b(:fl’%)i*l (from which it follows that z € V5) shows that V =

(b('rlu s}
Vi ® Va. By the induction hypothesis, there is a suitable basis (g, ..., 7,)

for V5. We define z; to be % if ¢(21,21) > 0 and %
Vo(Z1,71) —¢(T1,21)

otherwise. Then the basis (x1,...,z,) has the required properties.

where z =
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A symmetric bilinear form ¢ is said to be non-singular if whenever
x € V is such that ¢(z,y) = 0 for each y € V, then x vanishes. The reader
can check that this is equivalent to the fact that the rank of the matrix of ¢
is equal to the dimension of V' (i.e. p+ ¢ = n). In this case, just as in the
special case of a scalar product, the mapping

Tz (Y= o(z,y))

is an isomorphism from V onto its dual space V*. The classical example of
a non positive definite form which is non-singular, is the mapping

¢ (z,y) = Em — Eamp

on R?.

Most of the results above can be carried over to the space L(Vi, ..., V,; W)
of multilinear mappings from V; x - - - x V,. into W. We content ourselves with
the remark that if we have bases (z1,... 2L ),...(27,... 2" ) for V4,..., V.

rYny ? g

with the corresponding dual bases and (y1, . .., y,) for W, then the set
(fle - off®y:1<ii<n,...,1<i <n,1<j<p)

is a basis for L(V4,...,V,; W) where for f; € V{*,...  f, € V¥ and y € W,
fi®--® f. ®y is the mapping

(1,0 xe) = fiz) .o fol2)y.
In particular, the dimension of the latter space is

(dimVy) ... (dim V;)(dim ).
Example: Calculate the coordinates of

fo(@y) = 26m — & + Som — Samp

with respect to the basis (1,0), (1, 1).

Solution: The dual basis is fi = (1,—1), fo = (0,1). Then f =" a;;fi ® f;
where a;; = f(z;,z;) with 27 = (1,0), z2 = (1,1). Thus a;;3 = 2, ayy = 1,
g1 = 3, Q92 — li.e.

=20 fi+[i®fatd3fe® fi+ f2® fo
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Exercises: 1) Reduce the following forms on R? to their canonical forms:

o (£1,62,8&) = &1& + L& + E36o;
o (&1,8,&3) = Eoml + &ima + 260mn + 2E0m3 + 2E312 + 5E3ns.

2) Find the matrices of the bilinear forms

(2.9) / £(t)y(t) dt
(z,y) = 2(0)y(0)

(2, y) = z(0)y'(0)

on Pol (n).
3) Let f be a symmetric bilinear form on V' and ¢ be the mapping = +—
f(z,x). Show that

o f(z,y) = 1(o(x+y) — oz —y)) (V real);
o f(z,y) = 1(d(x+y) — oz —y) +id(x+iy) —ig(x —iy)) (V complex).

(This example shows how we can recover a symmetric 2-form from the
quadratic form it generates i.e. its values on the diagonal).

4) Let z1,...,x,_1 be elements of R". Show that there exists a unique
element y of R" so that(z|y) = det X for each x € R" where X is the matrix
with rows x1,xs,...,2,_1, 2. If we denote this y by

T1 X XTg X+ X Tp_1

show that this cross-product is linear in each variable z; (i.e. it is an
(n — 1)-linear mapping from R" x --- x R" into R"). (When n = 3, this
coincides with the classical vector product studied in Chapter II).

5) Two spaces V and W with symmetric bilinear forms ¢ and 1 are said to
be isometric if there is a vector space isomorphism f : V — W so that

U(f(@), f(y) = bz, y) (v,yeV).

Show that this is the case if and only if the dimensions of V' and W respec-
tively the rank and signatures of ¢ and 1 coincide.

6) Let A be a symmetric, invertible n x n matrix. Show that the quadratic
form on R"™ induced by A~! is

0 & ... &
1
(2, ) — — "
det A : A
M
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7) Let ¢ be a symmetric bilinear form on the vector space V. Show that V
has a direct sum representation

V:V+@V_@‘/O
where
Vo ={z: ¢(x,z) =0}

Vi ={x:¢(x,x) >0} U{0}
Vo =A{z:¢(z,z) <0} U{0}.

8) Let (|) be a symmetric bilinear form on the vector space V' and put
N={zeV:(zlyy=0 foreach yeV}.

Show that one can define a bilinear form ( | ); on V//N so that (7(z)|7(y))1 =
(z|y) for each x,y. Show that this form is non-singular. What is dim V/N?
(m denotes the natural mapping = — [z] from V' onto the quotient space).
9) What is the rank of the bilinear form with matrix

a 1 1 1
1 a1l 1

?
111 ... a

10) Show that a multilinear form f € L"(V) is alternating if and only if
f(z1,...,2.) = 0 whenever two of the x; coincide.

Show that every bilinear form on V' has a unique representation f = f,+f,
as a sum of a symmetric and an alternating form.
11) R?, together with the bilinear form

(2,y) = & — Eame

is often called the hyperbolic plane. Show that if V' is a vector space with
a non-singular inner product and there is a vector x with (z|z) = 0, then
V' contains a two dimensional subspace which is isometric to the hyperbolic
plane.

12) Suppose that ¢ and v are bilinear forms on a vector space V' so that

{z:¢(x,x) =0} N {x: ¢Y(x,z) =0} ={0}.

Show that there is a basis for V' with respect to which both ¢ and i have
upper triangular matrices. Deduce that if ¢ and ¢ are symmetric, there is a
basis for which both are diagonal.
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13) Let A = [a;;] be an n x n symmetric matrix and letA; denote the sub-
matrix

Show that if the determinants of each of the A, are non-zero, then the cor-
responding quadratic form Q(z) = (Az|z) can be written in the form

n

det Ak 2
> det A,
=1 k—1

where n, = &, + E?:kﬂ bjr&; for suitable by.

Deduce that A is positive definite if and only if each det A; is positive.
Can you give a corresponding characterisation of positive semi-definiteness?
14) Show that if f is a symmetric mapping in L"(V; W), then

1
floy,... ) = 261---€rf(€156’1+"'+6r37r)

Corlor

the sum being taken over all choices (¢;) of sign (i.e. each ¢; is either 1 or
—1—there being 2" summands).

15) Let ¢ be an alternating bilinear form on a vector space V. Show that V'
has a basis so that the matrix of the form is

0 I, 0
I, 0 0
0 0 0

16) Let ¢ be as above and suppose that the rank of ¢ is n. Then it follows
from the above that n is even i.e. of the form 2k for some k and V has a
basis so that the matrix of ¢ is

0 I
J= [ o } |
A space V with such a ¢ is called a symplectic vector space. A linear
mapping f on such a space is called symplectic if ¢(f(x), f(y)) = ¢(z,y).
Show that this is the case if and only if A'JA = A where J is as above and A

is the matrix of f with respect to this basis. Deduce that A has determinant

1 and so an isomorphism. Show that if A is an eigenvalue of f, then so are
%, A and %
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5.4 Tensors

We now turn to tensor products. In fact, these are also multilinear mappings
which are now defined on the dual space. However, because of the symmetry
between a vector space and its dual this is of purely notational significance.

Definition: If V; and V5 are vector space, the tensor product V; ® V5 of
Vi and Vy is the space L2(V}*, V5') of bilinear forms on the dual spaces V/*
and V. If x € V}, y € V5, x ® y is the form

(f,9) = f(x)f(y)

on V" x V. We can then translate some previous results as follows:

e the mapping (z,y) — = ® y is bilinear from V; x V5 into V; ® V5. In
other words we multiply out tensors in the usual way:

i J

4,J
o if (z;) resp. (y;) is a basis for V; resp. V3, then
(2, ®@y;:1<i<m,1<j5<n)

is a basis for 1} ® V5 and so each z € V; ® V5 has a representation
z= Z” a;;x; ® y; where a;; = 2(fi, 9;).

Once again, this last statement implies that every tensor is described by a
matrix. Of course the transformation laws for the matrix of a tensor are
again different from those that we have met earlier and in fact we have the
formula

A/ — S—1A<T71>t
where A is the matrix of z with respect to (z;) and (y;), A’ is the matrix
with respect to (z}) and (2}) and S and T' are the corresponding transfer
matrices.

Every tensor z € V; ® V5 is thus representable as a linear combination
of so-called simple tensors i.e. those of the form x ® y (z € Vi, y € V3)
(stated more abstractly, the image of V; x V5 in V] ® V5 spans the latter). Not
every tensor is simple. This can be perhaps most easily verified as follows:
if v =3, Nx; and y = 3, p1;9;, then the matrix of x ® y is [Ai;] and this
has rank 1. Hence if the matrix of a tensor has rank more than one, it is not
a simple tensor.
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Tensor products of linear mappings: Suppose now that we have linear
mappings f € L(V;,W;) and g € L(Va, Ws). Then we can define a linear
mapping f ® g from V; ® V5 into Wi ® W, by putting

fe g(z T ®y;) = Z fz:) ® g(ys).

Higher order tensors: Similarly, we can define V} ® --- ® V. to be the
space L"(V), ..., V¥) of multilinear mappings on V;* x --- x V*. Then if
(xl, .. 2k, .o (2, ..., 2" ) are bases for Vi, ..., V,, the family

’Uny y L,
(zj, @ @] :1<i <ng,...,1 <i. <n,)

is a basis for the tensor product and so every tensor has a representation

1 r
E iy..iyTiy @ - Q@ .

1<i1,0ir<n
In practice one is almost always interested in tensor products of the form
VoV VeV e -V

with p copies of V' and ¢ copies of the dual. We denote this space by ®Z V—
its elements are called (p + ¢) tensors on V. They are contravariant of
degree p and covariant of degree q.

Thus the notation ®g V' is just a new one for the space

P (V= VeV, V)

of multilinear forms on V* x - -+ x V* x V x -+ x V. (Strictly speaking, the
last ¢ spaces should be V**’s but we are tacitly identifying V' with V**).

We now bring a useful list of operations on tensors. In doing so, we
shall specify them only on simple tensors. This means that they will be
defined on typical basis elements. They can then be extended by linearity or
multilinearity to arbitrary tensors.

Multiplication: We can multiply a tensor of degree (p,q) with one of
degree (p1, 1) to obtain one of degree (p + p1,q + ¢1). More precisely, there

is a bilinear mapping m from @ V' x @'V into ®21§11 V' whereby

m<1’1®"'®1’p®f1®"'®fq7$/1®"'®$;,1®f{®"'®fél)
is

(x1®---®xp®x'1®---®$;,l®f1®"‘®fél)-
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Contraction: We can reduce a tensor of order (p, q) to one of degree (p —
1,q — 1) by applying a covariant component to a contravariant one. More
precisely, there is a linear mapping ¢ from @7 V" into Zj V where

(21Q @1, ®[1®...fg) = filtp)T1®.. 21 © 2O - ® fo.

Raising or lowering an index: In the case where V is a euclidean space,

we can apply the operator 7 or its inverse to a component of a coordinate

to change it from a covariant one to a contravariant one or wvice versa. For
DYy p—1 .

example we can map @), V' into &, V as follows:

$1®...§p®f1®"'®fq'—>$1®'-'®£Ep—1®7'$p®f1®'“®fq.
We continue with some brief remarks on the standard notation for tensors.

V' is a vector space with basis (ej,...,e,) and we denote by (fi,..., f,) the

dual basis. Then we write (e!,... e") for the corresponding basis for V,

identified with V* by way of a scalar product (i.e. ¢/ = 77(f;)). Then we
have bases

o (e;;) for V@V where e;; = e; ® e; and a typical tensor has a represen-
tation 2 = 37, E9e;; where £V = f; @ f;(2) = (e7]z) with ¥ = e’ ®¢/).

o (&) for V@ V* where e/ = ¢; ® ¢/ and a typical tensor z has the
representation ZZ j ;’-ei where f; = (z |6§)

In the general tensor space ®Z V' we have a basis
(€5 %)
where the typical element is
ei1®~-~®€ip®€j1®~-~®ejq
and the tensor z has the representation

i g
J1.-Jgq 1.-p

Example: Let f be the operator induced by the 2x2 matrix A = { ? _21 }
-1 1
o-[3 0]
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. We calculate the matrix of f ® g with respect to the basis (y1, y2, y3, Y1)
where

y1=e1®e; YPpp=e1QXe Ys=e®er Y =e4 R ey,

Then
f(y) = —ys + 2y
f(y2) =ys
f(ys) = —2y1 +4y2 + y3 — 2ya
f(ya) =2y1 — 3
Hence the required matrix is
0 0 -2 2
0 0 4 0
-1 1 1 -1
2 0 =2 0

We can write this in the suggestive form
1 -1 1

2 0 2 2 0

-1 1 1 -1 1
0 2 0

2
from which the following general pattern should be clear.

0

1

Proposition 50 If A is the matriz of the linear mapping f and B that of
g, then the matriz of f ® f is

CLHB CL12B c. CLlnB

amB aw,B ... a,B
(This matriz is called the Kronecker product of A and B—uwritten AQ B).

Note that the basis used to define the matrix of the tensor product is that one

which is obtained by considering the array (z; ® y,,) of tensor products and

numbering it by reading along the successive rows n the customary manner.
Using these matrix representation one can check the following results:

e if f and ¢ are injective, then so is f ® g;
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o r(f®@g)=r(fr(g);
e tr(f®g)=trf- trg;

o det(f ® g) = (det f)™(det g)" where m is the dimension of the space
on which f acts, resp. n that of g.

One proves these results by choosing bases for which the matrices have a
simple form and then examining the Kronecker product. For example, con-
sider 3) and 4). We choose bases so that f and g are in Jordan form. Then
it is clear that the Kronecker product is upper triangle (try it out for small
matrices) and the elements in the diagonal are products of the form \;pu;
where ); is an eigenvalue of f and p; one of g. The formulae 3) and 4) follow
by taking the sum resp. the product and counting how often the various
eigenvalues occur.

If the underlying spaces to be tensored are euclidean, then the same is
true of the tensor product space. For example, if V; and V5 are euclidean,
then the mapping

(z @ ylzy @ y1) = (x|z1)(yly)

can be extended to a scalar product on V;®V5,. Note that the latter is defined
so as to ensure that if (z;) is an orthonormal basis for V4 and (y;) one for
Vs, then (z; ® y;) is also orthonormal. In this context, we have the natural
formula

(feg =lod
relating the adjoint of f ® g with those of f and g. This easily implies that

the tensor product of two self-adjoint mappings is itself self-adjoint. The
same holds for normal mappings. Also we have the formula

(fegl=flogd

for the Moore-Penrose inverse of a tensor product.

Example: Consider the matrix

1 2
2 1
-1 =2
-2 -1

I

I
O — N —
oW oo
w o oo

NN =N

Then its Moore-Penrose inverse can be easily calculated by noting that it is
the Kronecker product of the matrices

1 2 G [roon
9 1| 1 3 —1
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whose Moore-Penrose inverses can be readily computed.

Tensor products can be used to solve certain types of matrix equation
and we continue this section with some remarks on this theme. Firstly we
note that if p is a polynomial in two variables, say

p(s,t) = Z aijs't,
4,J

and A and B are n X n matrices, then we can define a new operator p(A, B)
by means of the formula

i,J
(Warning: this is not the matrix obtained by substituting A and B for s and

t resp.—the latter is an n X n matrix whereas the matrix above is n? x n?).
The result which we shall require is the following:

Proposition 51 The eigenvalues of the above matrixz are the scalars of the
form p(X\i, ;) where A, ..., A\, are the eigenvalues of A and pu, ..., p, are
those of B.

This is proved by using a basis for which A has Jordan form. The required
matrix then has an upper triangular block form with diagonal matrices of
type p(\;, B) i.e. matrices which are obtained by substituting an eigenvalue
Ai of A for s and the matrix B for ¢. This matrix has eigenvalues p(\;, 115)
(J1,--.,n) from which the result follows.

The basis of our application of tensor products is the following simple
remark. The space M,,, of m X n matrices is of course identifiable as a
vector space with R™". In the following we shall do this systematically by
associating to an m x n matrix X = [X; ... X,,] the column vector

Xq
X=1 :
Xn
i.e. we place the columns of X on top of each other. The property that we

shall require in order to deal with matrix equations is the following:

Proposition 52 Let A be an m x m matriz, X an m X n matriz and B an
n x n matriz. Then we have the equation

AXB = (B' @ A)X.
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ProoF. If X = [X;...X,] then the j-th column of AXBis > ;_,(bjrA)X}
and this is

[bi; A by A. . by AJX

which implies the result.
The following special cases will be useful below.

AX = (I, ® A)X;
XB = (B'® I,)X;
AX + XB = (I, ® A) + (B' ® I,) X.

The above results can be used to tackle equations of the form
A XBy+---+AXB" =C.

Here the A’s are the given m x m matrices, the B’s are n xn and V' is m X n.
X is the unknown. Using the above apparatus, we can rewrite the equation
in the form GX = C where C' = > B ® A

Rather than consider the most general case, we shall confine our attention
to one special one which often occurs in applications, namely the equation

AX+ XB=C.
In this case, the matrix G is
I, A+ B'® I,

This is just p(A, BY) where p(s,t) = s+t. Hence by our preparatory remarks,
the eigenvalues of G are the scalars of the form A; + p1; where the \’s are the
eigenvalues of A and the p; are those of B.

Hence we have proved the following result:

Proposition 53 The equation AX + XB = C has a solution for any C if
and only if \i + pj # 0 for each pair \; and i, of eigenvalues of A and B
respectively.

For the above condition means that 0 is not an eigenvalue of G i.e. this
matrix is invertible.

We can also get information for the case where the above general equation
is not always solvable. Consider, for example, the equation

AXB=C
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where we are not assuming that A and B are invertible. Suppose that S and
T are generalised inverses for A and B respectively. Then it is clear that
S ®T is one for A® B. If we rewrite the equation AXB = C in the form

(A@ B)YX =C

then it follows form the general theory of such inverses that it has a solution
if and only if we have the equality

ASCTB =C.
The general solution is then
X=8CT+Y - SAYBT

whereby Y is arbitrary.
In general, one would choose the Moore-Penrose inverses A’ and BT for
S and T'. This gives the solution

X = ATCBf

which is best possible in the usual sense.

Exercises: 1) Let z1,...,z, be elements of V. Show that

if and only if at least one x; vanishes. If z, y, 2/, " are non-vanishing elements
of V' show that z ® y = 2’ ® ¢/ if and only if there is a A € R so that x = Az’
and y = 1y/'.

2) Let Vi and V, be vector spaces and denote by ¢ the natural bilinear
mapping (z,y) — z®y from V; x V5 into V; ® V. Show that for every bilinear
mapping 1" : V; x Vo — W there is a unique linear mapping f : Vi@V, — W
so that T'= f o ¢.

Show that this property characterises the tensor product i.e. if U is a
vector space and v is a bilinear mapping from V; x V5 into U so that the
natural analogue of the above property holds, then there is an isomorphism
g from U onto V; ® V5 so that g o) = ¢.

3) Let (z;) resp. (z}) be bases for the vector space V and suppose that
A = [a;j] is the corresponding transfer matrix. Show that if a p-tensor z has
the coordinate representation

z= Z biy,ipfin @ - ® fi,

1<iy,..yip<n
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with respect to the first basis and

e= )t e e

1<i1,..ip<n

with respect to the second, then

tih_._ﬂ-p = E (TN R S

1<g15edp<n
4) Show that the tensor product
Pol (m) ® Pol (n)

is naturally isomorphic to the vector space of polynomials in two variable, of
degree at most m in the first and at most n in the second.
5) What is the trace resp. the determinant of the linear mapping

f=gofod

on L(V) where ¢ and 1 are fixed members of L(V).
6) Consider the linear mapping

O f f

on L(V') where V is Hermitian. Calculate the matrix of f with respect to the
usual basis for L(V') derived from an orthonormal basis for V. Is ® normal
resp. unitary with respect to the scalar product

(flg) = tr (g'f).

Calculate the characteristic polynomial resp. the eigenvalues of ®.
7) Let p and ¢ be polynomials and A and B be matrices with p and ¢ as
characteristic polynomials (for example, the companion matrices of p and q).
Show that the number A = det(A® [ — I ® B) is a resolvent of p and ¢ i.e.
has the property that it vanishes if and only if p and ¢ have a common zero.
8) Consider the mapping

X AXA

on the vector space of the n x n symmetric matrices, where A is a given n xn
matrix. Show that the determinant of this mapping is (det A)"*1.
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